BEURLING DENSITY AND SHIFT-INVARIANT WEIGHTED
IRREGULAR GABOR SYSTEMS

GITTA KUTYNIOK

ABSTRACT. In this paper we introduce and study a concept to assign a shift-invariant
weighted Gabor system to an irregular Gabor system while preserving special properties
such as being a frame. First we extend the notion of Beurling density to weighted subsets of
R?. We then derive a useful reinterpretation of this definition by using arbitrary piecewise
continuous, positive functions in the amalgam space W (L, L!) to measure weighted Beurl-
ing density, thereby generalizing a result by Landau in the non-weighted situation. Using, in
addition, decay properties of the short-time Fourier transform of functions contained in the
modulation space M!(R?), we establish a fundamental relationship between the weighted
Beurling density of the set of indices, the frame bounds, and the norm of the generator for
weighted Gabor frames. Finally, we prove that the relation among an irregular Gabor sys-
tem and its shift-invariant counterpart imposes special conditions on the weighted Beurling
densities of their sets of indices.

1. INTRODUCTION

Shift-invariance, i.e., invariance under integer translations, is a desirable feature for many
applications. Moreover, shift-invariance has been extensively employed as a theoretical tool
to study regular Gabor systems {e*™@f" g(z — ak) : k,n € Z9}, g € L*(RY), o, 8 > 0 (see,
for example, [10, 14]). In this paper we will study this concept in a much more general setting
motivated by the following observation. Provided that {e*™*®f" g(x —ak) : k,n € Z?} forms
a frame for L*(R?), then each f € L*(R?) can be reconstructed in a numerically stable way
from the sampling points aZ? x BZ% of the short-time Fourier transform V,f : R?* — C,
Vof(a,b) = (f,e*™¥g(- —a)). However, sampling points may vary in practice, and the
question arises whether and how substituting the subset aZ? x 3Z% by an arbitrary subset
A of R?? affects results concerning shift-invariance. Therefore, our driving motivation is to
introduce a concept which assigns a shift-invariant Gabor system to an arbitrary irregular
Gabor system while preserving special properties; in this sense capturing the spirit of the
relation between affine and quasi-affine systems (see, for instance, [4]). By considering the
similar situation in wavelet analysis it becomes evident that the shift-invariant counterpart
necessarily has to be equipped with weights. Therefore the construction of such associated
shift-invariant Gabor systems leads to the introduction of more general weighted irregular
Gabor systems

G(g, A, w) := {w(a,b)2e¥™ P g(z — a) : (a,) € A},
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2 G. KUTYNIOK

where g € L2(RY), A C R*? and w : A — R*.

Density conditions have turned out to be an especially useful and elegant tool for the
study of irregular Gabor systems [2, 3, 13]. The densities employed for Gabor systems are
the lower and upper Beurling densities, which are defined for an arbitrary countable subset of
R?. Therefore, in order to study the relationship between an irregular Gabor system G(g, A)
and its associated shift-invariant counterpart G(g, As;, w), where Ag; is in some sense the
“smallest” shift-invariant set containing A, we will focus on the conditions which are imposed
on the densities of both systems.

We first show that Beurling density can not only be measured by computing the average
over the number of points of a set contained in cubes x + h[0,1)%, x € R% h > 0, but also
by computing the weighted sum over those points with respect to an arbitrary piecewise
continuous, positive function in the amalgam space W(L*, L!). In fact, we show that for
each piecewise continuous f € W(L>®, L') with f > 0, f # 0, the upper Beurling density
D (A) of a set A C R? satisfies

. > nen S(AEE)
D (A) = || f]|; " lim sup sup —AEAhd 2
h—oo gcR4

and the lower Beurling density satisfies a similar formula, thereby generalizing a result by
Landau [12], which established this property for the functions f = xp, where B C RY
is a compact set of measure 1 whose boundary has measure zero. Our result even holds
for a generalization of Beurling density to weighted subsets. In particular, it implies that
for functions contained in the modulation space M!(R?) the associated short-time Fourier
transform can serve as a measuring function for the (weighted) Beurling densities.

By employing this new interpretation of (weighted) Beurling density and the decay proper-
ties of the short-time Fourier transform of M!-functions, we will prove that the fundamental
relationship

(1) A<D (Aw)|glls <DHA,w) |lgll < B

between the weighted Beurling densities D~ (A, w), DT (A, w) of the set of indices A with
weight function w, the frame bounds A, B, and the norm of the generator g holds for weighted
Gabor frames G(g, A, w). This result can be shown to contain [2, Thm. 4.2] and [5, Subsec.
3.4.1] as special cases. As a corollary we obtain that the weighted Beurling density of a tight
weighted Gabor frame necessarily has to be uniform, i.e., D~ (A, w) = DT (A, w). Recently,
some results in the same spirit have been derived for a class of wavelet frames [11] and for
frames of windowed exponentials [9].

The relationship (1) then leads to constraints imposed on the weighted densities of a Gabor
system and its associated shift-invariant weighted Gabor system. In particular, we consider
sets A C R?? and weight functions w : Ag; — R*, which satisfy that there exists a function
g € L?(R?) such that G(g,A) and G(g, Asr,w) are tight frames with the same frame bound.
We prove that this hypothesis already implies that both A and (Ag;, w) have uniform density
and

(2) D(A) = Aljgll,” = D(Asr, w).
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Finally, we show that for a given A C R?? with positive lower and finite upper density there
always exists a weight function w : Ag; — Rt which satisfies (2).

This paper is organized as follows. In Section 2 we introduce some notion and state some
preliminary results. In Section 3 we first study relations between certain Littlewood—Paley
type inequalities and density conditions. These are employed in Subsection 3.2 to derive a
useful reinterpretation of weighted Beurling density (Theorem 3.5). Finally, in Section 4 we
study shift-invariant weighted Gabor systems. The fundamental relationship for weighted
Gabor frames between the weighted Beurling density, the frame bounds, and the norm of the
generator (Theorem 4.2) is established in Subsection 4.1. We then give a precise definition of
an associated shift-invariant weighted Gabor system (Subsection 4.2). Finally, in Subsection
4.3 we prove necessary density conditions for the sets of indices of a Gabor system and its
shift-invariant counterpart (Theorem 4.11).

2. NOTATION AND PRELIMINARY RESULTS

2.1. Weighted Beurling density. Beurling density is a measure of the “average” number
of points of a set that lie inside a unit cube. Here we extend this notion to the situation of
weighted subsets of R,

For h > 0 and z = (x1,...,24) € RY we let Qp(z) denote the cube centered at x with

side length h, i.e., Qn(z) = H;l:l [xj — %, xj + %) If x = 0, we often just write ), instead
of Q,(0). Given a set A of points in R? and a weight function w : A — R*, we define the
weighted number of elements of A lying in a subset K of A to be #,(K) = > . w(z).

Then the upper weighted (Beurling) density of the pair (A, w) is defined by

A
DF (A, w) = limsup SUD R #w}fd n Qh(ﬂf))’
h—00

and the lower weighted (Beurling) density of (A, w) is

D™ (A, w) = lim inf infycpe (A 0 Qn())
h—o0 hd
If D~(A,w) = DT(A,w), then we say that (A, w) has uniform weighted (Beurling) density
and denote this density by D(A,w). If w = 1, this reduces to the standard definition of
Beurling density and, in this case, we just write DT (A) and D~ (A).
The following is a useful reinterpretation of finite upper and positive lower weighted density
conditions. The first lemma is an extension of [3, Lem. 2.3] to weighted density. Its proof
uses the same ideas as the proof in [3], therefore we omit it.

Lemma 2.1. Let A C R? and w : A — R*. Then the following conditions are equivalent.
(i) DT (A, w) < oc.
(ii) There exist h > 0 and N < oo such that #,(A N Qu(x)) < N for all x € R
(iii) For each h > 0, there exists N = N(h) < oo such that #.,(ANQn(x)) < N for all
r € RY

A similar result holds for the case of positive lower weighted density. The proof for the
non-weighted case can be found in [1].
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Lemma 2.2. Let A C R? and w : A — R*. Then the following conditions are equivalent.

(i) D~ (A, w) > 0.
(ii) There exist h, N > 0 such that #,(ANQu(x)) > N for all x € R%.

2.2. Notation for frames and Bessel sequences. A system {f;}ic; in L2(R?) is called
a frame for L?(R?), if there exist 0 < A < B < oo (lower and upper frame bounds) such
that A||f|[5 < i, [(f, £ < BIIf|3 for all f € L*(R%). If A, B can be chosen such that
A = B, then {f;}ies is a tight frame, and if we can take A = B = 1, it is called a Parseval
frame. A Bessel sequence {f;}icr is only required to fulfill the upper frame bound estimate
but not necessarily the lower estimate.

2.3. Amalgam spaces and modulation spaces. Both amalgam spaces and modulation
spaces play an essential role in studying Gabor systems and the short-time Fourier transform.
In this paper we employ the following special cases of amalgam and modulation spaces. For
more details on amalgam and modulation spaces we refer the reader to [7] and [8].

Given 1 < p < oo, a function f : R? — C belongs to the amalgam space W (L>, LP) if

1
1w (zoe,r) = (Z (ess Superl(k)If(af)l)”> < o0

kezd

The amalgam space W (C, LP) is the closed subspace of W (L>, L?) consisting of the contin-
uous functions in W (L*>, LP).

Let y(z) = 2% ™#I° be the Gaussian function. Then the modulation space M*(R?)
consists of all tempered distributions f € &'(R?) such that || f||, = V5 f]l, < co. In fact,
MY(R?) C L*(RY).

If f,g € L*(R?), then V,f is a continuous L*-function, and ||V, fl|, = ||gll, | f|l,- Further
notice that |V, f(2)|? = |V;g(—=2)|* for each z € R*. In the sequel, for z = (21, 20) € R*® and
g € L*(R?), we will use the notation p(2)g(z) = e*™@*2) g(x — z), x € R%

The following lemma shows that, if we require that the window g lies in M*(RY), the
short-time Fourier transform satisfies additional decay properties.

Lemma 2.3. Let g € MY (RY). Then |V, f|> € W(C, L") for each f € L*(R?).

Proof. By [7, Prop. 12.1.11], g € M*(R?) implies V,g € W (L>, L'). Fix f € L*(R?). Then
2 :

we have V, f * Vg = ||g]]5 V,f, since

(VoS * Veg)(2) = /de Vo f(2) Vy(p(2)9)(2) d(2) = llgll5 (f,p(2)9) = llgll; Vaf(2).
By [8, Cor. 11.8.4], this implies
Vof = lglly” (Vaf % Vog) € LARY) + W (L, LY) C W (L™, L?).

Since V, f is continuous, the claim follows. O
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3. WEIGHTED BEURLING DENSITY

Considering the definition of Beurling density, we may ask whether we can also measure
density using a different shape than cubes. In fact, we will show that we can replace xg, o)
by an arbitrary piecewise continuous, positive function in W (L>, L), yet still derive the
same density. We will say that a function f : R? — C is piecewise continuous if there exists
a tiling { B, }nen of R? of measurable sets with non-empty interiors whose boundaries have
measure zero such that f|p, is continuous for each n € N.

3.1. Littlewood—Paley type inequalities and weighted Beurling density. First we
study relations between certain Littlewood—Paley type inequalities and weighted Beurling
density. Although interesting in their own right, our main purpose is to employ these results
in the proof of Theorem 3.5.

We start with some technical lemmas.

Lemma 3.1. Let A C RY, w: A — RY, and f € W(L>®, L) be piecewise continuous with
f >0, f#0. If there exists B < oo such that

> wNf(A+2)< B foralzeR?,
AEA

then DT (A, w) < oo.

Proof. By hypothesis, since f > 0 and f is piecewise continuous, there exist some z, € R?
and hy > 0 such that f(z) > 6 > 0 for all z € Qp,(x¢). Towards a contradiction assume
that D* (A, w) = co. Applying Lemma 2.1, for each n € N, there exists some y, € R? with

#Hw(A O Qno(Yn)) = 1.

Hence,
STwNfA+ (@o—wa) = > wN A+ (x0—ya) = 6n,
AEA AEANQn (yn)
a contradiction. O

Lemma 3.2. Let A C RY, w: A — R*, and let f € W(L*>®, L) be piecewise continuous
with f > 0. If DT (A, w) < 0o, then for each € > 0 there exists r < oo such that

> wd) fA+z) xpag,(A+2) <& forallz € R
AEA

Proof. Fix € > 0. Since D™ (A, w) < oo, Lemma 2.1 implies the existence of some N < oo
such that #,(ANQ(x)) < N for all x € RY. Since f € W(L*®, L), we can choose r € N
such that

sup f(z) < %

keztg, , TEQK)
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Therefore

S w) fA+a) xzag, A+ = DY w) fA+2)

AEA AEAN(RANQr(—2))

< > Y. wNfA+a)

kC€ZN\Qr—1 AEANQ1(k—x)

<N Y sw f(y)
kezi\Q,—y YEDH)

< e. ]

We can now state and prove the main result of this subsection.

Theorem 3.3. Let A C RY, w: A — R%, and let f € W(L>®, L") be piecewise continuous
with f > 0. If

(3) A< w) f(A+z) < B foralzeR,
AEA
then
A<D (A w) [Ifll, DA w) |IfIl, £ B.

Proof. We first claim that for each ¢ > 0 there exists r < oo with

(4) A—e<> w) fA+2)xo.(A\+2) <B forallz € R
AEA

To prove this, fix some € > 0. Noting that Dt (A, w) < oo by Lemma 3.1, the application of
Lemma 3.2 implies that there exists r < oo with

Zw()\) JOA+2) xparg,(A+12) <e forallz e R4,
A€A

Combining this with (3) proves (4).
Let ¢ > O Without loss of generality we can assume that r is large enough so that
Nfll, — fQ r)dr < e. Fix y € R and h > r. Integrating each term in (4) over the box

(o) s

(5) A—e)ht <> w( / fON+2) xo, (A + ) dv < Bh®.
AEA (=v)

Then we make the decomposition

S w() / FO+2) xau (A + @) di = Ly h) — Io(y, ) + To(y, ) + Lu(y. B,
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where
L) = Y w0 [ fO+2)xe, O+ 2)do,
AEANQn—r () Re
Lwh) = 3wk / SO+ ) vo, (A + ) d,
AEANQn -, () RAQH(=v)
Ly, h) — 3 w(N) / SO+ 2) o, (A + 1) d,
Qr(—v)

AEAN(Qhtr (Y \RQRr—r(¥))
L = 3w [ 0o (e de
AEANRNQ L4+ (1)) n(-v)

Since DT (A, w) < 0o, by Lemma 2.1 there exists N < oo such that for each s > 0 we have
#, (AN Qs(0)) < (s+ 1) sup,epa #u(ANQ1(z)) < (s+ 1)?N for all zy € R%.
We first observe that

Liy,h)= > w) | J@)dr=#,ANQur(w) | f(x)d

AEANQh () Qr

and hence, by the choice of r,

Ly, h) = #0(A 0 Quer () 1111 | < #0(A N Qnr(y)) &
The contribution of I1(y, h) to the sum in (5) is

L= 3w [ fl)dr =0,

AEANQH_r (1) (RAQL(A=Y))NQr

since ||A — y||, < %5~, and hence (RY\Q,(A—y)) NQ, has Lebesgue measure zero. The term

I3(y, h) can be estimated as follows:

Iy, h) = > L

AEAN(Qhr(Y\Qr—r(¥))
< Fu (AN (Qnrr (W\Qn—r(¥))) I f1I1
< (h+r+ D)= (h—r+DHN|fI,-

Finally, the contribution of I,(y, h) is

L= Y wl /Q o Jwyds =0,

AEANRNQp+r(y))
since [[A — yl|, > ", and hence Q,(A — y) N @, has Lebesgue measure zero.

Combining the above estimates, we see that

(A=e)h® < #u(ANQn-r())(Ifl; +€) + (At + 1) = (h=r+ 1)) N || f]], for all y € R™.
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Therefore
A—¢
.. (A—e)nd
= lminf =g
A _ h N — (h— NN
< tmin inp FeA0Q OIS +9) | (ke )= (= DON ],
h—o00 yeRd hd s 00 h,d

= D (A w)(Iflly + ).

Now letting € go to zero yields A < D~ (A, w) ||f|l;- The second claim Dt (A, w) || f|l, < B
can be treated similarly. The theorem is proved. U

3.2. Equivalent definition of weighted Beurling density. The precise definition of the
general notion of density with respect to an arbitrary piecewise continuous, positive function
in W(L>®, L") is as follows. As usual, we define the dilation operator D, on L!(R?) by

Dyf(x) = 72f(%)-

Definition 3.4. Let f € W(L*®, L') be piecewise continuous with f > 0, f # 0, and let
A CRY w:A— R be given. Then the upper weighted f-density of the pair (A, w) is

D*(A w) = ||f||1 lim sup sup Z ANDpf(A+ )

d
h—oo  zeR? \cp

and the lower weighted f-density of (A, w) is
— . —14- . .
Dy (A,w) = ||| liminf inf ;w(/\)Dhﬂ)\ + ).

The Beurling density is indeed a special case of this definition, since for A € R¢ and
w: A — R the lower weighted Beurling density D~ (A, w) coincides with D;[O b (A, w) and
the upper density D (A, w) coincides with D+ oy SN w).

The following result now shows that in fact both definitions coincide for any f. In par-
ticular, D (A, w) and Dj (A, w) do not depend on the function f. This result contains [12,
Lem. 4] as a special case.

Theorem 3.5. Let f € W(L>®, L) be piecewise continuous with f > 0, f # 0. Then, for
all A CR? and w: A — R, we have

Dy (A,w) =D (A,w) and D;{(A,w) =Dt(A,w).

Proof. We will only prove D}L(A, w) = DT (A, w). The other claim can be treated in a similar
manner.

First we observe that, without loss of generality, we can assume that || f||, = 1 by rescaling.
Now, towards a contradiction, assume that Dy (A, w) < D*(A,w). Then there exist § > 0

and h > 0 such that for all h > h and z € R,
> wNDpf(A+ ) < DA, w) - 6.

AEA
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This in turn implies that there exist £ € (0,9), (hn)nen C R* with h,, — oo as n — oo, and
()nen € R? such that for all A > h, n € N, and z € R?,

(6) > wNDpf(A+ 1) < (A mhi?hn (7)) _

AEA

Without loss of generality we can choose (h,)nen and (z,)nen so that

hd 2
Since f € W(L*>, L"), we also have Dy, f € W(L*>, L") for all h > 0. Thus we can apply
Theorem 3.3 to (6), which yields

— DA w)| < for all n € N.

#u(A N Q,, (T
D (A, w) || Dpfll, < ( hdh @) o forannen.
By (7) and using that || Dy f||, =1,
DA, w) < DHA, w) — %

a contradiction. Thus D}L(A, w) > D (A, w).
To prove D}L(A, w) < DA, w), we first study this claim for a certain step function. Let
v >0, set ¢p = SUP,eq, () f(2) for each k € Z¢, and define g : R? — RT by

9= CkXQu(wk)-
kezd

Let € > 0. Since f € W(L™®, L'), we have ||g||, < oo regardless of the value of v. Choose v
so that ||g — f||, < e. Let K C R? be compact. Then there exists a compact KX C R? such
that

(gxx)(7) < Z ckXQuwry(z)  for all x € R

keZdnK

Since || f]|; = 1, we further have
vty a< gl <1t
kezink

Collecting these arguments, for h > 0, we obtain

EAEA w(A) Ekedef( CkXQu (vk) <%)

sup > w(\)Dy(gxx)(A+z) < sup

z€R Y Ty R4 hd
_ up Zkezink % 2oen N XQu k)= (M)
z€eR hd

A ke (A
Z ¢, SuUp Z)\e/\w( )XQhu(h k )( )

VAN

B
pezanig  “ER



10 G. KUTYNIOK

— 9 Z cksup w(A N @y ()

pezini R hitv
#u(A N Qn(2))
(8) < (1+¢) sup i -

We assume that DT (A, w) < oo, since otherwise the claim is already proved. By Lemma
3.2, there exists some r, < oo with

Zw()\) Dp(fxra\g,, A+ 1) <e forallze R,

AEA
which implies
(9) > wN) Duf(A+2) = > w(d) Du(fxq,, )A+z)| <e forall z e R
AEA AEA

Using (9), the fact that f < ¢, and (8), we obtain
sup S w(\) Duf 1) < sup Y wlh) Dalfxa,, SO+ ) + 2
z€RT YTy z€RT YTy
sup 3" w(\) Dulgxa,, JA+ ) +2
z€RT YTy
#uw(A N Qny(2))

1 .
( +6):;1ﬂ£l 1dd +e

IA

IA

Applying the limsup as h — oo yields
D+(A w) < (14+¢e)DT (A, w) +
Letting € go to zero therefore finishes the proof. O

Provided that ¢ € M*(R?), we might use the associated short-time Fourier transform to
measure density.

Corollary 3.6. Let g € MY (R%). Then, for all f € L*(R?), A C R*, and w : A — R*, we
have

D-

v, jehw) =D (A, w) and Dt

v, f|2(A,w) =DM (A, w).

Proof. This follows immediately from Lemma 2.3 and Theorem 3.5. O

If we are only interested in estimates and are equipped with an upper and lower bound for
> oaea WA) D1 f(X + x) uniformly in 2 € RY, this immediately yields estimates for Dy (A, w)
and Dy (A, w).

Corollary 3.7. Let f € W(L>®, L) be piecewise continuous with f > 0, and let A C R,
w:A— R If

A<Z fOA+2)< B forallz € RY,
AEA
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then
A<Dy (Aw) | flly, <Df(Aw)|Ifll, < B.

Proof. Applying Theorem 3.3 and Theorem 3.5 yields the claim. O

4. SHIFT-INVARIANT WEIGHTED IRREGULAR (GABOR SYSTEMS

Turning a Gabor frame into a shift-invariant weighted Gabor frame imposes conditions
not only on the set of indices of the original frame, but also on the relation between the
densities of both sets of indices. These issues will be discussed in the following subsections.
Moreover, we will study whether the necessary condition we derive can be fulfilled, i.e.,
whether appropriate weight functions can be constructed.

4.1. A fundamental relationship for weighted Gabor systems. Provided that a weigh-
ted Gabor system forms a frame, we will derive a fundamental relationship between the
weighted Beurling density of its set of indices, the frame bounds, and the norm of the gen-
erator.

First, however, we will require the following technical lemma. Provided that a Gabor
system forms a frame, it shows that the associated short-time Fourier transform satisfies a
certain inequality of Littlewood—Paley type. The unweighted case is well-known.

Lemma 4.1. Let A C R* and w : A — R*. Let g € L*(R?) be such that G(g, A, w) is a
frame for L*(R?) with frame bounds A and B. Then for all f € L*(R?) with || f|l, = 1, we
have

A<D wN[Vyf(A+2)|> < B forall z € R*.
AEA

Proof. Since G(g, A, w) is a frame,
Allfolly < 3w 1o, PN < Blfoll;  for all fo € L2(RY).

AEA
Fix f € L*(R?) with ||f||, = 1. Choosing fy = p(—=2)f, where z € R*® is arbitrary, yields

A< w) [p(=2)f, pNg) P =D wN [{f, oA+ 2)g)* < B.

AEA A€A
Using the definition of V, f finishes the proof. O

Notice that, provided g € M, the tails of the sum considered in Lemma 4.1 are arbitrarily
small due to Lemmas 2.3 and 3.2.

The fundamental relationship between the weighted Beurling density of the set of indices,
the frame bounds, and the norm of the generator of weighted Gabor frames now follows from
all our previous discussions.

Theorem 4.2. Let g € L*(RY), A C R*, and w : A — R*. If G(g,A\,w) is a frame for
L2(R%) with frame bounds A and B, then

A<D (A w) gl < D (A w) lgll; < B.
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Proof. Fix f € M'(R?) with || f|, = 1, and consider |V, f|>. Applying Lemma 4.1, Lemma
2.3, Corollary 3.7, and Corollary 3.6 to this function, and using the facts that |V, f(z)]* =
[Vig(—2)|? for z € R and that |||V, f[?||l, = ||f||5|lg]l5, then settles the claim. O

The previous theorem implies that a weighted Gabor system can only form a tight frame
when the weighted density of its set of indices is uniform.

Corollary 4.3. Let g € L*(RY), A C R*?, and w : A — R* be such that G(g, A, w) is a tight
frame for L*(R®) with frame bound A. Then (A, w) has uniform weighted density, and

A =DM, w)|gll;-

In the following remark we point out the difference between the situation of weighted and
non-weighted Gabor frames.

Remark 4.4. Let g € L*(R?), A C R?*? and w : A — RT be such that G(g, A, w) is a frame for
L?(R%). First we observe that this forces the weights to be bounded from above. To prove
this, towards a contradiction assume that there exists a sequence (A,)nen € A such that
w(A,) > nfor allm € N. Then #,(ANQxr(A\,)) > n, and hence sup,cpa #o(ANQL(x)) = oo.
It follows that Dt (A, w) = oco. But, by Theorem 4.2, this implies that G(g, A, w) does not
form a frame for L*(R?), which is a contradiction. Thus w is bounded from above.

However, w need not necessarily be bounded from below. This can easily be seen by
starting with a frame G(g, A, w), choosing one element from A, and then adding infinitely
many repetitions of this element to A, with corresponding weights that decrease to zero. If
the weights decrease quickly enough, then the new system will still be a frame for L?(R%).
By perturbing the new points, less trivial examples can also be generated. Thus we can
construct weighted Gabor frames with arbitrarily small weights.

It seems natural to ask whether each weighted Gabor frame contains a subset that is a
non-weighted (irregular) Gabor frame. Considering the procedure of repeating one element
of the set of indices, it is obvious that deleting those frame elements with small weights below
a threshold will lead to a non-complete Gabor system in most cases. However, there might
exist more sophisticated ways to delete certain elements from a weighted Gabor frame. We
suspect that this can be done.

In this context there exists a very interesting approach towards non-uniform sampling the-
ory by employing weights due to Feichtinger, Grochenig, and Strohmer [6]. They introduced
the so-called “adaptive weights method” to compensate for local variations of the set of
sampling points, thereby deriving “superfast” algorithms for the reconstruction from these
points. This should be compared to the fact that the introduction of weights for the study
of shift-invariant Gabor frames can be seen as a consequence of enlarging the set of indices,
which the added weights have to compensate for.

4.2. Existence of an associated discrete shift-invariant set. Given a Gabor system
G(g, ), we are interested in the existence and properties of the smallest discrete set A c R
containing A so that G(g, A) is shift-invariant, i.e., T,G(g, A) C G(g, A) for all k € Z¢, where
Ty : L*(R?) — L*(RY) denotes the shift operator Ty f(z) = f(z — k). As usual we call a
subset A of R discrete, if for each A € A there exists an open set U € R?? with UNA = {\}.
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Our first result shows that we indeed have an explicit representation of the set under
consideration.

Proposition 4.5. Let g € L*(R?) and A C R*. Further let A C R?*? be such that G(g, A)
is a shift-invariant system. If A C A, then |J,cza A+ (K,0) C A.

Proof. Fix (a,b) € R** and k € Z. Then

Ti(p(a, b)g)(x) = ™ g(x — (k + a)) = (p(a + k,b)g)(x) = (p((a,b) + (k,0))g)(z).
Thus, provided that A C A and G(g, A) is a shift-invariant system, then (a,b) + (k,0) € A
for all (a,b) € A and k € Z?. This proves the lemma. 0

This shows that, given a subset A of R??, there exists a canonical larger subset, which
provides us with a shift-invariant Gabor system.

Definition 4.6. Let A be a subset of R??. Then we define the associated shift-invariant set
Asr by Asr = Upeza A+ (K, 0).

Since we are dealing with discrete Gabor systems, we are only interested in situations when
the associated shift-invariant set is also discrete. In fact, we derive an exact characterization
of those sets A.

Proposition 4.7. Let A C R?*® be discrete. Then the following conditions are equivalent.
(i) Agy is discrete.
(ii) There exists a discrete set T C R* such that for each t € T there exist s}, ..., s €
[0,1)%, ny € N such that A C U,eq (U7 st + 2%) x {t}.

i=1 %

Proof. In the following, abusing notation we write z mod 1, x € R%, for the modulus taken
in each component, hence x mod 1 € [0,1)%.

First we prove (i) = (ii). Let P, denote the orthogonal projection of R?? = R?xR¢ onto the
second component. Towards a contradiction, assume that there exists ty € Py(A) such that
#{smodl: (s, to) € A} = co. Then (U )en s+ Z N0, 1)¢ would contain infinitely many
elements, hence would not be discrete, in contradiction to (i). Thus #{smod 1 : (s,ty) €
A} < oo for each ty € Py(A). Again towards a contradiction assume that P»(A) is not
discrete, i.e., that there exists a convergent sequence (t,)neny C Po(A) with limit ¢y € Pa(A).
Let (Sp)nen, be such that (s,,t,) € A for all n € Ny. Hence {(s, mod 1,¢,) : n € No} C Ag;.
But s, mod 1 € [0,1)¢ for all n € Ny, thus (s,).en contains a convergent subsequence
(Sn, )ken- We obtain that (s, , tn, Jren and its limit are contained in Agy, in contradiction to
(). Collecting the above two properties of the set A yields (ii).

To prove the converse implication suppose that (ii) is satisfied. It is easy to see that
Ast CUyer (U st + Z%) x {t}. Thus Ag; is discrete. O

(2

The following corollary is an immediate consequence of the previous result.

Corollary 4.8. Let A = S x T C R?@ be discrete. Then the following conditions are
equivalent.

(i) Agy is discrete.
(ii) There exist sy, ..., s, € [0,1)%, n € N such that S C U}, s; + Z°.
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A large class of examples consists of arbitrary subsets A of lattices aZ? x bZ?¢, a € QT,
b > 0, in which case A7 is always discrete.

4.3. Density conditions. Extending a Gabor system to a weighted shift-invariant Gabor
system while preserving special properties of the system will be shown to impose special
conditions on the density of those systems.

Capturing the spirit of the relation between affine and quasi-affine systems and more
generally the oversampling theorems in wavelet theory we are led to the following definition
in the situation of Gabor systems.

Definition 4.9. Let A C R?*? and w : Ag; — R* be such that there exists g € L?(R%) so that
both G(g, A) and G(g, Asr, w) are frames for L?(R?Y) with a common lower frame bound A and
common upper frame bound B. Furthermore, suppose that, for each h € L?(R%), if G(h, A) is
a frame for L?(R?) with frame bounds A and B, then G(h, Ag;, w) is also a frame for L?(R¢)
with frame bounds A and B. Then we call (A, Ag;, w, g) a shift-invariant extension pair with
respect to the frame bounds A and B. We call (A, Agr, w, g) a shift-invariant extension pair
with respect to the frame bound A, if A = B.

Interestingly, already the existence of the one function ¢ yields a relation between the
densities of A and (Ags, w), the frame bounds, and the norm of g.

Proposition 4.10. Let A C R*? and w : Ag; — R be such that there exists g € L*(R?) so
that both G(g, A) and G(g, Asy, w) are frames for L*(RY) with a common lower frame bound
A and common upper frame bound B. Then

Allgll,* < D~(A) <D*(A) < Bllg]l,”
and
Allglly,” < D™ (Asr,w) < D*(Asr,w) < Bllgll,”
Proof. This follows immediately from Theorem 4.2. O

This leads to a necessary condition on the density of A and (Agy, w) for the existence of
a shift-invariant extension pair.

Theorem 4.11. Let g € L*(RY), A C R*, and w: Ag; — R* be given. If (A, Agr,w, g) is
a shift-invariant extension pair with respect to the frame bounds A and B, then

Allglly” <D™ (A) < DH(A) < Bllgll,”

and
Allglly? <D™ (Asr,w) < DH(Asr,w) < Blglly”.

Proof. Employing the definition of a shift-invariant extension pair and Proposition 4.10 yields
the claim. 0

Now we consider the special situation in which we have a shift-invariant extension pair
with respect to the frame bound A.
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Corollary 4.12. Let g € L*(RY), A C R*, and w : Ag; — R*. If (A, Asr,w, g) is a shift-
invariant extension pair with respect to the frame bound A, then both A and (Ag;,w) have
uniform density and

D(A) = D(Asr,w) = Allgll;*.

Proof. This is an immediate consequence of Theorem 4.11. O

Further, we discuss whether for an existing Gabor system, the shift-invariant system can
be equipped with weights so that the densities of both sets of indices coincide, a neces-
sary condition for the existence of shift-invariant extension pairs with respect to the frame
bound A.

Proposition 4.13. Let A C R* with 0 < D~ (A) < D*(A) < co. Then there exists a weight
function w : Ag; — R such that

D~ (As;,w) =D (A) and DY(As;,w) =D (A).

Proof. By Lemma 2.2, there exists some minimal A > 0 with inf,cged #(ANQp(x)) > 0. For
each k = (ki,...,koq) € Z*?, let y. € R? be defined by yp = (kih, ..., kygh). Then define
w: A — RT by
A
#(Nst N Qr(yr))
Since w is constructed in such a way that #,,(As;rNQnu(yr)) = #(ANQu(yy)) for all k € 7%,
for each z € R?? and r > 1 there exists k € Z*? with

H#ANQu-2)n(Yr)) < #uw(As1 N Qri(2)) < #(AN Qri2)n(Yr))

for all a € A N Qp(yr), k € Z*.

and
H#uw(As1 N Qu—2yn(yYr)) < H#A N Qra(x)) < FHuwl(Asr N Qur2yn(Yr))-
Employing the definition of weighted density settles the claim. O

At last, we present a short example of a shift-invariant extension pair in the one-dimensio-
nal situation to enlighten the previous results.

Example 4.14. Consider the subset A = 27 x %Z of R2, whose uniform density equals 1. The
associated shift-invariant set is easily seen to be Ag; = Z X %Z. Employing the construction
contained in the proof of Proposition 4.13 yields the weight function w : Ag; — R* defined
by w = 1. Then D(A) = 1 = D(Agy, w).

Now let g € L*(R) be such that G(g,A) is a Parseval frame for L*(R), e.g., ¢ = Xo,1)-
Then also G(g, (2Z + 1) x 3Z) is a Parseval frame for L?(R), since

ST pm+ 1,50 = Y [(p(=1,0)f, p(2m, in)g)|” = [p(~1.0)f]15 = IIf]13

mne” m,ne’
for all f € L?(R). We observe that we can decompose Ag; as ((2Z+1)x 2Z)U(2Zx £Z). Since
each function in the system G(g, Asr, w) is equipped with the weight %, also G(g, Asr,w)

forms a Parseval frame for L*(R). Thus (A, Ass,w, x[0,1)) is a shift-invariant extension pair
with respect to the frame bound 1.
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