IRREGULAR SHEARLET FRAMES: GEOMETRY AND
APPROXIMATION PROPERTIES
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ABSTRACT. Recently, shearlet systems were introduced as a means to derive efficient encod-
ing methodologies for anisotropic features in 2-dimensional data with a unified treatment
of the continuum and digital setting. However, only very few construction strategies for
discrete shearlet systems are known so far.

In this paper, we take a geometric approach to this problem. Utilizing the close connection
with group representations, we first introduce and analyze an upper and lower weighted
shearlet density based on the shearlet group. We then apply this geometric measure to
provide necessary conditions on the geometry of the sets of parameters for the associated
shearlet systems to form a frame for L?(IR?), either when using all possible generators or
a large class exhibiting some decay conditions. While introducing such a feasible class of
shearlet generators, we analyze approximation properties of the associated shearlet systems,
which themselves lead to interesting insights into homogeneous approximation abilities of
shearlet frames. We also present examples, such as oversampled shearlet systems and co-
shearlet systems, to illustrate the usefulness of our geometric approach to the construction
of shearlet frames.

1. INTRODUCTION

A significant percentage of the data deluge we face today consists of 2D imaging data,
which issues the challenge to provide adapted efficient encoding methodologies. Typically,
this data is modeled in a continuum setting as functions in L?(R?). Recently, a novel
directional representation system — so-called shearlets — has emerged which provides a unified
treatment of such continuum models as well as digital models, allowing, for instance, a
precise resolution of wavefront sets, optimally sparse representations of cartoon-like images,
and associated fast decomposition algorithms (see [16, 28, 8, 26, 13, 30, 5, 6, 7, 27] and
references therein).

Shearlet systems are, loosely speaking, systems generated by one single generator with
parabolic scaling, shearing, and translation operators applied to it. However, at this moment,
there exist only very few construction strategies for discrete shearlet systems. Evidently, such
strategies should in particular allow us to monitor frame properties of the generated system.
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One construction approach consists in carefully choosing a feasible set of (parabolic scaling,
shearlet, translation)-parameters which leads to a shearlet frame, while — as a first step —
allowing all choices of generators. A successful methodology in this respect — first introduced
for Gabor systems, and then later applied to wavelet systems (see the excellent survey paper
[18] and the references therein) — took the viewpoint of understanding the impact of the
geometry of sets of parameters to frame properties of the associated systems.

This will also be the viewpoint taken in this paper. It will lead us to different necessary
conditions on the geometry of the sets of parameters for the associated discrete shearlet
systems to form a frame for L?(IR?), either when using all possible generators or a large class
exhibiting some decay conditions. Interestingly, along the way we will also analyze and prove
homogeneous approximation properties of shearlet systems.

1.1. Weighted Shearlet Systems. Shearlet systems are designed to efficiently encode
anisotropic features such as singularities concentrated on lower dimensional embedded man-
ifolds. To achieve optimal sparsity, shearlets are scaled according to a parabolic scaling law
encoded in the parabolic scaling matriz A,, a > 0, and exhibit directionality by parameter-
izing slope encoded in the shear matriz Sy, s € R, defined by

a 0 1 s
]

respectively. Hence, shearlet systems are based on three parameters: a > 0 being the
scale parameter measuring the resolution, s € R being the shear parameter measuring the
directionality, and ¢ € R? being the translation parameter measuring the position. This
parameter space RT x R x R? can be endowed with the group operation

(a,s,t)- (', s, 1) = (da, s’ + sVa/ .t + Sy Ayt),

leading to the so-called shearlet group S. The expert reader will notice that this definition de-
viates from the shearlet group first introduced in [3]. It will however be proven in Subsection
2.1 that these groups are isomorphic. The reasons for the deviation will be discussed below.
For now, let us say that this choice will allow us to measure the geometry of discretization
of the parameter space in a meaningful way.

As also first noticed in [3], shearlet systems arise from a group representation of the
shearlet group. The shearlet group S provides the unitary group representation — we leave
the straightforward proof that this is indeed a group representation of S to the reader —

oS = ULAR?), (o(a,s,t))(z) = a¥/*P(SAux — 1),

which will be the main building structure of continuous shearlet systems. To obtain further
flexibility, we extend the definition of the customarily utilized shearlet systems and allow
a weight function w : S — R* to be incorporated in the definition of each single shearlet
function. For each ¢ € L*(R?), we now define a continuous weighted shearlet system by

SH(Y,w) = {w(a,s,t)?a(a,s,t)¢: (a,s,t) € S}
= {w(a, s, t)2a¥*P(S Ay - —t) : (a,s,t) €S}

This definition coincides with the customarily defined continuous shearlet systems as defined,
for instance, in [15] — except the additional flexibility provided by allowing a weight function.
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However, the careful reader will notice that the different form — due to utilizing a different
group representation — requires a slightly different interpretation of the behavior of the
parameters than in [26], but containing the same information. For some ¢ € L?(R?), we
further introduce the continuous weighted shearlet transform given by

SHyw : L*(R?*) — LA(S, @), SHypwfla,s,t)=(f wa, s,t)l/Qa(a, s, t)). (1)

If w =1, we sometimes also write SH,.

Our main concern in this paper is to derive a deep geometric understanding of the dis-
cretization process of the continuous weighted shearlet transform. To allow any possible
discretization to be investigated, we let A be any discrete subset of S, and, for some function
Y € L*(R?) and some weight function w : A — RT, define the weighted shearlet system by

SHW, A, w) = {w(a, s, t)2a>*P(S,A, - —t) : (a,s,1) € A}

(If w = 1, we sometimes also write SH (1), A).) Such a shearlet system is typically referred
to as an irreqular (weighted) shearlet system to separate it from the special case of regular
(sometimes also called classical) shearlet systems, which for a > 1 and b,¢ > 0, are defined
by

{a®/4h(SpeAgi - —cm) : 4,k € Z,m € Z?}. (2)

Observe that this system can be regarded as SH (¢, A, w) with A = {(a’,bk,cm) : j,k € Z,
m € Z*} and w = 1.

We should mention that the construction of continuous shearlet systems and their dis-
cretization is paralleled by the construction of what became to be known as shearlets on the
cone or cone-adapted shearlet systems. These shearlet systems do not arise from a group
representation, but ensure a more equal treatment of the different directions. They are
closely related to the shearlet systems just defined, where the group operation is performed
on four cones in which the frequency domain is split into. See, for instance, the paper [22], in
which these systems and the discretization procedure is precisely described. For our purposes
though, the group structure will play an essential role.

1.2. Construction of Discrete Shearlets: State-of-the-Art and Future Goals. Shear-
lets were introduced in [15], where only regular shearlet systems were considered. For a more
extensive, insightful study of the construction of regular shearlet systems with ‘nice’ frame
properties, we refer to the recent paper [14].

However, it is often desirable to be able to adapt the choice of parameters to specific
applications and to choose them to ensure specific properties of the associated shearlet sys-
tem. Also the analysis of stability of the discretization of the continuous shearlet transform
is typically a concern. This calls for more flexibility in the choice of parameters, which
requires a deep understanding of irregular shearlet systems. The first notice of general ir-
regular shearlet systems can be found in [25]. In this work some sufficient conditions for
band-limited generators to lead to a shearlet frame with control of the frame bounds were
derived. This work was later extended by [22] to much larger classes of shearlet generators,
in particular, encompassing compactly supported generators. We would also like to refer to
very interesting recent work in [6] using coorbit theory for compactly supported generators.



4 P. KITTIPOOM, G. KUTYNIOK, AND W.-Q LIM

However, these works either include only a very particular class of discrete sets of param-
eters, those which are in some sense ‘close’ to the set of parameters associated with regular
shearlet systems or focus on a different shearlet group than S to ensure more favorable group
properties. The main objectives of our analysis of irregular shearlet systems are therefore to

(1) derive frame properties,

(2) consider all discrete subsets of the shearlet group as well as particular subsets,
(3) understand the stability of discretization of the continuous shearlet transform,
(4) analyze approximation properties.

Certainly, we need some control on the properties of discrete subsets of S, and in this regard
we will take a geometric viewpoint. Our main guideline will be the interplay between the
geometry of the sets of parameters and properties such as frame or approximation properties
of the associated shearlet systems.

1.3. A Geometric Analysis. The first systems to be analyzed by a geometric viewpoint
on the set of parameters were irregular Gabor systems [29]. This started a series of papers
with different foci on this topic (see [18] for an excellent survey with a complete reference
list). The main idea was to use Beurling density for categorizing subsets of R? according
to their geometric structure and providing a relation to frame properties of the associated
Gabor systems. A very interesting generalization of these ideas was lately studied in [1],
which however did not encompass, for instance, wavelet systems.

From 2003 on, these ideas were also utilized in the study of irregular wavelet frames, for
which a different notion of density — adapted to the affine group — needed to be introduced
(see, for instance, [19, 32, 33, 24, 20] and the book [23]). However, for analyzing irregular
wave packet frames, additional complications occurred due to the dimension of the parameter
space compared to the domain of the generators when driving a density approach; and ideas
from the Hausdorff dimension had to be incorporated, see [2]. A yet different path was taken
in [12], when introducing a notion of density for arbitrary locally compact abelian groups
which allowed results to be derived paralleling those from Landau [29] for these general
groups.

With this paper, we follow the philosophy taken in [23] for the analysis of irregular wavelet
frames. Based on the close connection of shearlet systems with a particular unitary repre-
sentation of the shearlet group S, we will introduce an upper and lower shearlet density for
providing meaningful measures for discrete subsets of S. Armed with this measure, we derive
necessary conditions in terms of finite upper and positive lower shearlet density of a set of
parameters for the associated shearlet system — either when using all possible generators
or a large class exhibiting some decay conditions — to possess an upper and a lower frame
bound, respectively (see Theorem 5.1). We will also be able to distinguish different classes
of sets of parameters, for instance, those coming from regular shearlet systems we well as
the here newly introduced oversampled shearlet systems and co-shearlet systems, showing
that co-shearlet systems can never form a frame (see Section 6).

Summarizing, considering ‘only” a particular aspect of the geometry of a discrete subset of
S leads to excluding conditions for the associated shearlet frames. However, more is true. In
fact, some of these conditions are paralleled by approximation properties, which are worth
considering them by themselves.
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1.4. Homogeneous Approximation. Already in [31] in the situation of Gabor systems
and later (see, [20]) for wavelet systems, the study of density properties was linked to specific
approximation properties of the accompanying systems, the so-called Homogeneous Approx-
imation Property (HAP). This link was exploited especially for deriving necessary conditions
on the existence of a lower frame bound. These ideas were later extended to general coherent
frames in the enlightening paper [11], which however, due to the generality of the setting,
does not provide the full link to density considerations.

The common bracket in these studies is to analyze whether approximating a function
by a selection of elements of the system under consideration, with their parameters being
contained in a box in parameter space, is invariant under simultaneously translating the
function and the box; in this sense, whether this approximation is homogeneous. The benefits
of establishing this property are: (1) having control of approximation properties of finitely
many elements from a shearlet frame when shifting their set of parameters by the group
action, (2) obtaining insight into the possibility of extending the elaborate framework from
[1] to the shearlet setting, since the HAP is the heart of this theory, (3) understanding
whether or not the system exhibits a Nyquist phenomenon as Gabor frames do, and, (4)
finally, to provide the tools for deriving a necessary condition on the existence of a lower
frame bound in terms of density properties.

In this paper, we will show that indeed this property also holds for irregular shearlet
frames with generators satisfying some weak decay properties (see Theorem 4.3). For this,
we introduce a new class of shearlet generators By, whose associated continuous shearlet
transform belongs to a particular amalgam space, i.e., for which a particular mixed (local-
global) norm is finite. We anticipate that this class could also be useful in other settings.

1.5. Main Contributions. Our main contribution of this paper is three-fold. Firstly, we
derive a meaningful geometric measure for analysis of arbitrary discrete subsets of the shear-
let group. Secondly, with Theorem 5.1, we prove necessary conditions on the geometry of the
sets of parameters for the associated discrete shearlet systems to form a frame for L?(R?).
And, thirdly, we analyze the ability of certain irregular shearlet frames for homogeneously
approximating functions (see Theorem 4.3), thereby introducing a set of generators, By,
which we expect to be useful for other tasks.

1.6. Future Horizons. In addition, this paper opens the door for the following future
research directions.

o Geometry of Parameters of Cone-Adapted Shearlets. The variant of shearlet sys-
tems we consider in this paper exhibits a useful relation with group representations.
Cone-adapted shearlet systems do not possess this property, which makes density
considerations for these especially challenging. Nevertheless, success in this direction
would be highly beneficial for constructing this different class of shearlet systems.
We anticipate that the closeness of the two variants of shearlet systems will allow
some of the main ideas from our analysis to be carried over.

e Density Analysis of Higher-Dimensional Wavelets. Higher-dimensional wavelet sys-
tems are associated with sets of parameters {(A7,bk) : j € Z,k € Z"}, where
A € GL(n,R) and b € R™ These systems are generated by the affine group
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GL(n,R) x R", and the question arises whether geometric density conditions can
also be exploited here. However, in 2D this task is quite involved due to the compli-
cated inner structure of the group. Although associated with a slightly different set
of parameters, the analysis presented here could give some insights at least for n = 2.

e Homogeneous Approximation Property of Non-Band-Limited Shearlets. In this paper
we show that the Homogeneous Approximation Property holds for shearlet frames
being generated by band-limited generators satisfying some weak spatial decay prop-
erties. This might provide some understanding of how to extend this result to the
situation of non-band-limited generators, which are important for several practical
applications.

1.7. Outline. In Section 2, we introduce the necessary group-theoretical framework as well
as the so-called weighted shearlet density, which will be our main means for analyzing the
geometry of sets of parameters of shearlet systems. Section 3 is then devoted to a partic-
ular set of generators with favorable decay conditions of the associated continuous shearlet
transform. Then, in Section 4, we analyze approximation properties of shearlet systems, in
particular, concerning the Homogeneous Approximation Property. Section 5 then exploits
these results to prove the desired necessary conditions on the geometry of the sets of pa-
rameters for the associated shearlet systems to form a frame for L*(R?); and applications
of these to particular shearlet systems such as oversampled shearlet systems and co-shearlet
systems are the focus of Section 6. Since several proofs are lengthy and highly technical, we
outsourced those to Section 7.

2. GEOMETRY OF SHEARLET PARAMETERS

As already elaborated upon in the introduction, a geometric viewpoint will be our driving
force. The basic necessary framework to regard shearlet systems as being generated by a
particular locally compact group — the shearlet group S — via a unitary group representation,
was already established in Subsection 1.1. We now first discuss this group in more detail
and study the relation with the shearlet group introduced in [3]. Based on this, we next
introduce a means to ‘measure’ the geometric structure of discrete parameter sets in terms
of denseness in the group S.

2.1. Group Structure. Let S be the shearlet group introduced in [3], which is defined as
the set R x R x R? with group multiplication given by

(CL, S, t) © (a’/a 3,7 t,) = (aa’/a 5+ S,\/aa t+ SsAat/)'

We now prove that both groups are isomorphic, however we wish to emphasize that for our
analysis the considered multiplication in the definition of S is crucial.

Lemma 2.1. The groups S and S are isomorphic via the group isomorphism
d:S—S, d(at, —ﬁ, S_s/valat).
Proof. Tt is easily checked that S and S are groups (for S, see [3]). Also, @ is a bijective map.
To prove the claim, let (a, s, t), (a’,s',t') € Rt x R x R? be arbitrary. Then
®((a,s,t) - (d', s, 1))
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= ((d'a)”

1 s
(a'a"™ =2 = 2= S gy adat Sy pyarAat + 8-y aAuit)
= ®(a,s,t) ©d(d, s, 1),

1 s Jrs)F S (s’ +3\/J)/\/%A(a’a)—1(t/ -+ SS/Aa/t))

d

the lemma is proven. O

This now allows us to transfer results from [3] and [4] to the considered situation. First,
by exploiting the just defined isomorphism ® and left-invariant Haar measures of S (see [4]),
we can easily conclude that a left-invariant Haar measure on S is given by us dadet

For ¢ € L*(R?) and w : S — RT, we further have the following correspondence between
SHy.w and the continuous shearlet transform from [3, 4],

Sty L(R?) = LA(8),  SHyf(a,5.1) = (f.a™"0(A] 71 — 1)),
Lemma 2.2. For ¢, f € L*(R?),
SHyf(a,s,t) = SHyf(® (a,5,1), (a,s,t) €S,
Proof. This is a direct consequence of the definitions of SH, :S’\ﬁ, and . O

This relation enables us to prove isometric properties of SH with the help of [4, Thm.
2.5].

Theorem 2.3. Let f € L*(R?), and let v € L*(R?) be such that

q;_// [P, &) 51’52 d&id€s < 0o and (J;;_// 51’52 d&1d€s < oo,

i.e., ¥ 15 admissible. Then

[t otas P2 — o // f6, &) Pdevdes + C // f6r, &) derde

In particular, if Cy = Cy = C’j;, then SHy, is a Cy-multiple of an isometry.

Proof. This follows immediately from [4, Thm. 2.5] and Lemma 2.2. O

2.2. Weighted Shearlet Density. We are now ready to introduce and derive some first
basic properties of the geometric measure for denseness of discrete weighted subsets of S,
which will be our main means to categorize and analyze different discretization strategies of
the continuous weighted shearlet transform in (1). The upper and lower weighted shearlet
density will measure two different characteristics of a discrete subset A of S endowed with
weights w : A — R*:

(1) the denseness as the average weighted number of points from A lying in a ‘standard’
box moved in the 4-D space R* x R x R? by the group action, and

(2) the deviation of being ‘uniformly’ spread in the 4-D space RT x R x R? with respect
to the group action.
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2.2.1. Definition. The introduction of some system of ‘standard’ boxes is our first concern.
For the delicateness of such and the significantly differing behavior of different choices in the
affine group case, we refer to [23]. Let now h > 0 be the ‘size’ of the boxes. Then we define
the box @, to be the neighborhood of the unit element (1,0,0) of S given by
Qun=[e"2 ") x [-4.4) x [-4,4)°.

To allow measuring the density of a discrete set A C S in the whole 4-D space RT x R x R?,
we define boxes Q(z,y, z) centered at arbitrary points (x,y, z) € S by left-translating Qy,
via the group action, i.e.,

Qh(xayaz) = («T’y,z) : Qh, h > 0.

Notice that although we refer to these sets as ‘boxes’, they are in fact versions of the boxes
n, morphed by the group action. By using the left-invariant Haar measure pus = @
derived in the previous subsection, the volume of each @Q,(x,y, z) can be computed to be

N

Since we are dealing with subsets A of S endowed with weights w : A — R™, we need to
decide how to incorporate the weights when counting the number of points of A inside one
of the just introduced boxes. For this, we define the weighted number of elements of A lying

in a subset K of S to be
#Ho(K)= Y w(a,s,t).

(a,s,t)eK
Now we collected all ingredients for introducing the notion of upper and lower shearlet
density.

h h h
2 2 2

h
e2 1
ps(Qn(,y, 2)) = pus(Qn) = / / . adads dt, dty = h*.
— e_f

NIy
NIy
N

Definition 2.4. Let A be a discrete subset of S, and let w : A — R™ be a weight function.
Then the upper weighted shearlet density of A with weights w is defined by

DA, w) = limsup sup TelAN@n(@:9,2))

4
h—oo  (z,y,2)€S h

)

and the lower weighted shearlet density of A with weights w is
w A ﬂ ? ?
D (A,w) =liminf inf #ol Qn(z,y,2))
h—oo  (z,y,2)€S hi

If DY (A,w) = D (A, w), we say that A with weights w has a uniform weighted shearlet
density.

2.2.2. Basic Properties. In this subsection we will establish some basic properties which will
be used extensively through the paper. However, they are also illuminating by themselves
as we will see. We also wish to mention that the proofs of the two results use ideas from the
proof of [19, Lem. 2.1, Prop. 2.2, and Prop. 2.3|, however the action by the shearlet group
adds a significantly higher level of technical challenge to the analysis.

Weighted shearlet density measures the density in terms of the average weighted number of
points lying in boxes Qp(x, y, z). Intuitively, the upper weighted shearlet density of a discrete
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weighted subset should be finite as long as the weighted points are sufficiently separated, i.e.,
far apart, and the lower weighted shearlet density should be positive as long as the weighted
points are sufficiently dense, i.e., close together. Hence, for deriving equivalent conditions to
finite upper and positive lower weighted shearlet density, the behavior of overlaps of these
boxes will play an essential role.

To prepare this analysis, we first introduce the following two notions.

Definition 2.5. Let X = {x;}ic; be a sequence of elements in S.

(i) X is called Qp-dense in S, if
U T Qn =S.
iel

(ii) X is called separated, if, for some h > 0, we have

zi - QnNxi-Qn="0, i#j
and relatively separated, if X is a finite union of separated sets.
Next, we study a particular ‘default’ discrete subset — related with the set of parameters

of a regular shearlet system —, with which we later on compare arbitrary discrete subsets.
We defer the lengthy, very technical proof to Subsection 7.1.1.

Lemma 2.6. Let h > 0 and r > 1, and define the discrete subset X C'S by
X = {(e" he "k he™2m) - j. k € Z,m € Z?}.
Then the following statements hold.
(i) X is Qp-dense in S.
(ii) Any set Q.n(z,y, z) intersects at most
1 1 1
N, = (r+2)(r+1)>° {ehﬂ + m] {eh + m] |:€3h/4 + 7“—1——1]
elements in X. In particular, X is relatively separated.
(i) Any set Q.n(x,y, z) contains at least
N, :=r(r +1)3/4
elements in X.

This lemma now allows us to derive equivalent conditions for finite upper and positive lower
weighted shearlet density. In fact, checking these conditions can be reduced to checking the
behavior of the weighted discrete set with respect to the boxes Qy(z,vy, z) for one particular
h > 0.

Proposition 2.7. For A CS and w: A — R™, the following conditions are equivalent.
(i) DH(A, w) < 0.
(ii) There exists some h > 0 such that sup, , .yes #uw(A N Qn(7,y, 2)) < 0.
Also the following conditions are equivalent.
(i") D (A, w) > 0.
(ii’) There exists some h > 0 such that inf, y .yes #w(A N Qn(z,y, 2)) > 0.



10 P. KITTIPOOM, G. KUTYNIOK, AND W.-Q LIM

Proof. (i) = (ii). This follows immediately from the definition of D (A, w).
(ii) = (i). Let A > 0 be such that

R:= sup #,(ANQn(x,y,2)) < oco.

(z,y,2)€S

We first distinguish two cases:
In the case 0 < t < h, we have

#u(AN Qu(x,y,2)) < #u(ANQu(z,y,2)) forall (z,y,2) €S,
and hence
sup #uw(ANQi(z,y,2)) < R.

(z,y,2)ES

Now consider the case ¢ > h, and assume t = rh, where » > 1. By Lemma 2.6, the box
Qrn(, 7, 2) is covered by a union of at most N, sets of the form Q,(e?", he™"/*k, he™"/>m).
This implies

sup #w(A N th(l‘, Y, Z)) < NT’ : sup #w(A N Qh(ejha he_h/4k7 he_h/2m)) < NT - R.

(z,y,2)€S J,k€Z,mEL?

Summarizing both cases, we obtain

. N, R
DH(A) < hﬁigp (rh)t

2 1)3 1 1 1
— R-limsup (r+2)(r+1) |:eh/2+ 1] |:eh_+_ 1] {63/1/4_'_ ]
r

r—00 (Th>4 r+ + r+1
(r+2)(r+ 132 1 N 1 3h 1
- R-1 /24 - - /Ay =
) (rh)* ‘ +7"+1 ‘ +7"+1 ‘ +r+1
oOh/4
= R- i < 00.
A similar argument shows the equivalence of (i") and (ii’). O

3. A SUITABLE CLASS OF SHEARLET GENERATORS

Intuitively, the existence of a lower frame bound for a weighted shearlet system SH (¢, A, w)
should be closely related to a positive lower weighted shearlet density, as well as the existence
of an upper frame bound should be closely related to a finite density, both for any generator
Y € L*(R?). Tt will turn out that this is indeed true for the upper frame bound. However,
for a paralleling result for the lower frame bound, we have to restrict the class of generators
to a class such that the associated weighted shearlet system satisfies a certain approxima-
tion property (see Section 4). Certainly, we require that this class contains a ‘sufficiently’
large class of generators, wherefore, in this section, we introduce this class and study decay
properties of the associated continuous shearlet transforms.
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3.1. Amalgam Spaces on the Shearlet Group. To impose decay conditions of con-
tinuous shearlet transforms, we first introduce so-called amalgam spaces for the group S,
which amalgamate a particular local and a particular global behavior, each measured by
membership in some LP-space. A comprehensive general theory of amalgam spaces on lo-
cally compact groups was introduced in [9]. For a more expository introduction to Wiener
amalgam spaces on the real line with extensive references, we refer to [17].

To measure local behavior of functions on S, for A = 1, we consider the set of boxes
{Q1(e7, e 4k, e )} rezmez associated with the relatively separated (see Lemma 2.6)
set of center points X = {(¢7, e 4k, e™V2m)}; ez meze-

Now, for each 1 < p < oo, the amalgam spaces Ws(L>, L”) on the shearlet group S can
be defined as mixed-norm spaces consisting of functions f : S — C by the following

Definition 3.1. For 1 < p < oo, the amalgam space on the shearlet group S is defined by
Ws(L*, L7) = {f € L*(S) « || fllwe(ww.cry < 00},

where the norm is given by

1/p
1/ lws(zoe, ey == (Z > Hf'XQ1<ej,e1/4k,el/2m)H§o> :

1,kEZ mez?

3.2. The Space By,. We now introduce a class of shearlet generators, whose associated
continuous shearlet transforms belong to the amalgam space Ws(C, L') (= Wg(L>, L") N
C(S), where C(S) is a set of continuous functions on S). Intuitively, the generators should
have sufficient decay in both space and frequency, which is formalized in the next definition.
Notice that here we draw from ideas presented in [20].

Definition 3.2. Let By denote the space of Schwartz functions which satisfy

(i) W(Jf)\é m, where C' > 0 and o > 3,
(ii) supp YC{[—ai, —ap] U [ag,a1]} x [=b,b], 0 < ag < ay and b > 0 with
. 26
V) < —2L—— where [ > 4o + 2.
OIS T

The following two lemmata indicate the effect the decay conditions (i) and (ii) imposed
on a shearlet generator have on the decay of the associated continuous shearlet transform.
These will be essential ingredients for proving membership of the associated continuous
shearlet transform to Ws(C, L'). We wish to mention that the constants C' in the following
two results depend on particular choices of ag,a;, and b, which however does not cause a
problem for the limiting arguments which are used later.

Lemma 3.3. Let f,v € L*(R?) satisfy Definition 3.2(i). Then
max{1, d*}

ISHy f(a,s,t)| < Ca** 5 :|a1/2’

for all (a,s,t) €S,

Ag's't
max{1,d}

L]

o0

where d* = (2 + %)-max{ L1

a?’al”
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Proof. This result follows from [4, Lem. 4.5] and the relation between SH,, and :'5:\7-/@ given
by Lemma 2.2. O

Lemma 3.4. Let [, € L*(R?) satisfy Definition 3.2(ii). Then
438/2
(1+a®)f(Va+|s|)”’

Proof. This result follows from [4, Lem. 4.6] and the relation between SH,, and :9\711/) given
by Lemma 2.2. O

|SHyf(a,s,t)] < Ca®* for all (a,s,t) €S.

The next theorem now proves what was claimed before. We present the lengthy, very
technical proof in Subsection 7.2.1.

Theorem 3.5. If f,¢ € By, then SHyf € Ws(C, L').

4. APPROXIMATION PROPERTIES OF WEIGHTED SHEARLET FRAMES

The aim of this section is two-fold: (1) approximation properties of shearlet frames shall
be formalized and studied, and (2) a particular approximation property shall be introduced
to serve as a hypothesis under which we can establish a connection between the existence of
a lower frame bound for shearlet system SH (v, A) and a positive lower shearlet density.

We should mention that the to be introduced so-called Homogeneous Approximation Prop-
erty (HAP) was already extensively studied in the case of Gabor systems (for a survey, see
[18]), in the wavelet case (see [20]), and also for general coherent frames (see [11]). However,
since we here consider systems generated by a reducible group representation, the procedure
to compute appropriate generators leading to the HAP detailed in [11] is not applicable in
our setting. Hence, the results from [11] for general coherent frames are not directly uti-
lizable. Also, our aim is to establish a link to conditions on shearlet density, whereas the
density aspect is not the focus of [11]. Although many proofs still follow the basic line of
argumentation in those papers — however much more technical due to the 4D-parameter
space of shearlets — for the convenience of the reader, we include sufficient details in all
proofs. Intuitively, it is not surprising that the HAP holds for shearlet frames generated by
a member of By. However, as we will see below, the proof of this fact requires hard technical
work.

4.1. The Strong and Weak Homogeneous Approximation Property. The approxi-
mation property we will investigate analyzes the ability of a shearlet frame to homogeneously
approximate functions. More precisely, if a function can be approximated by a finite collec-
tion of elements from a shearlet frame defined by a selection of a finite set of parameters, then
via the action of S translates of the function can be approximated with the same accuracy
by the finite collection of shearlet elements associated with the similarly translated finite set
of parameters. The following definition makes these rough ideas precise.

Definition 4.1. Let ¢p € L*(R?) and A C S be such that SH(,\) is a shearlet frame
for L*(R?), and let {o(a,s,t)¢ : (a,s,t) € A} denote its dual frame. For each h > 0 and
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(p.q,7) €S, define

W (h, (p,q.r)) = span{o(a, s, t)¢ : (a,s,1) € Qn(p,q,7) N A}.
(a) The frame SH(v, A) is said to possess the Weak HAP, if for each f € L*(R?) and
for all € > 0 there exists some R = R(f,€) > 0 such that for all (p,q,r) €S,
dist (o(p, ¢, ) f, W(R, (p.q,7))) <.

(b) The frame SH(1, ) is said to possess the Strong HAP, if for each f € L*(R?) and
for all € > 0 there exists some R = R(f,€) > 0 such that for all (p,q,r) €S,

P

opanf = Y. (opanfolas )l | <e

(a,s,t)GQR(p,q,r)ﬂA

The main result showing that the selected class of shearlet generators B, forces the asso-
ciated shearlet system to satisfy the Strong HAP is our next goal. For this, we require the
following technical lemma, whose proof is presented in Subsection 7.3.1.

Lemma 4.2. Let b, g € By and A C S such that SH(¢, A) is a frame for L*(R?). For any
€,0 > 0, there ezists some R = R(g,€) > 0 such that, for each (p,q,r) €S,

Z |8H¢g(l', Y, 2)|2 <.
(zvyvz)e(pqur)_lA\QR

Using this lemma, we obtain the following

Theorem 4.3. Let ¢ € By and A C'S be such that SH(1, ) is a frame for L*(R?). Then
the shearlet frame SH(, \) satisfies the Strong HAP.

Proof. First we will prove that the shearlet frame SH (v, A) possesses the Strong HAP for
any function g € By. For this, let ¢ € By and ¢ > 0. Let A denote the lower frame
bound of SH(v,A). It is well-known that then the upper frame bound of the dual frame
{o(a,s,t)1V}(aspes is . By considering the frame expansion

e~

op.a.r)g= > (o(p.q.r)g,0(as t))ala, s )y,
(a,st)eA
we obtain
—_—— 2
lowarg— X opargolestviolas |

(a737t)€QR(p7Q7r)mA

- H Z (o(p,q,7)g,0(a,s, t))o(a,s, t)y z

(a,S,t)GA\QR(p,q,T)

S o () (s ) )

(a,s,t)eEA\QR(p,q,7)

> [SHug ((prg.r) ™" (a,5,0)) |

(a,s,t)eEA\QR(p,q,7)

IA
SN
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1 2
(x7yaz)e(p7q77‘)71A\QR
<

o

(3)

The last inequality follows from Lemma 4.2.

Now suppose that f is any function in L?*(R?). Since By is dense in L?(R?), for each § > 0,
there exists some g € By such that ||f — g|]l2 < J. Using standard arguments the general
claim can now be established from here by using (3). O

4.2. The Comparison Theorem. Suppose SH(1, A) is a given shearlet frame whose den-
sity we want to study. We assume we know that SH (v, A) satisfies the Weak HAP. The main
idea is now to compare this density with the density of a reference shearlet frame SH (o, A).
In fact, we derive the following comparison theorem.

Theorem 4.4. Let ¥, ¢ € L*(R?) and A, A C S be such that SH(Y, A) and SH(p, A) are

frames for L*(R?) and SH (v, A) satisfies the Weak HAP. Let B be a upper frame bound of

SH(p,A) and C = ||@||e. Then, for each € > 0, there exists a positive constant R such that
C(C —e) C(C —e)

B(eg + Reg)4 B(eg + Re§)4

D (A) <D (A) and DH(A) < DH(A).

The main idea of the proof is the double-projection method introduced in [31], which
will be briefly described in the sequel. The detailed proof of Theorem 4.4 is presented in
Subsection 7.3.2.

Denoting the dual frame for SH,(A) by {o(a, s, t)y : (a,s,t) € A}, for each h > 0 and
(p,q,7) € S, we consider the finite-dimensional subspaces:

—_—

W(h, (p,q,r)) = span{o(a,s,t)i: (a,s,t) € Qu(p,q,m) N A}
V(h,(p,q,7)) = spanf{o(a,s,t)¢: (a,s,t) € Qnlp,q,7) N A}

For any fixed € > 0, let R = R(¢, €) be the value from Definition 4.1(a), and let (a,s,t) €
Qh(pa(LT)' For (:anaz) S QR(a'> Sat) N A7 we have

(r,y,2) € Qrla,s,t) NA C (p,q,7)QrnQrNA C (p,q,7)Q NA,

R+he_}21+Rhel}
which implies
W(R, (a,5,t)) C W(R+he® + Rhe%, (p,q,7)). (4)

Let now Py and Py be the orthogonal projections of L*(R?) onto V(h, (p,q,r)) and

W(R + hes + Rhe't, (p,q,7)), respectively. The main idea is to consider the positive, self-
adjoint operator

T = Py Py Py : L*(R?) — V(h, (p,q,7)),

and derive a lower and upper estimate for tr[T] in terms of D*(A) and DE(A).
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5. NECESSARY CONDITIONS FOR EXISTENCE OF IRREGULAR SHEARLET FRAMES

We can now link geometric properties of the sets of parameters of shearlet systems in terms
of shearlet density with frame properties of the associated systems. In fact, the existence
of a lower frame bound for a shearlet system SH (1, A) is closely related to a positive lower
shearlet density provided that this shearlet system satisfies the Weak HAP, and the existence
of an upper frame bound is closely related to a finite density. Also, recall that provided
1 € By, the associated shearlet system always satisfies the Weak HAP by Theorem 4.3,
hence statement (ii) below is applicable to a large class of generators.

Theorem 5.1. Let ¢ € L*(R?) be a nonzero function, let A be a discrete subset of S, and
let w:S — RY be a weight function.

(i) If SH(¢, A, w) possesses an upper frame bound for L*(R?), then D (A, w) < oo.
(ii) If SH(¢, A) is a frame for L*(R?) and satisfies the Weak HAP, then D~(A\) > 0.

Proof. (i). We will show that provided DT (A, w) = oo, for each N > 0 there exists some
g € L*(R?) with ||g||2 = 1 such that

" Hg.wla, s t)io(a, s, ) > N. (5)

(a,s,t)EA

Notice that this implies the non-existence of an upper frame bound for the shearlet system
SH(¢p, A, w).

First, choose any n € L*(R?) with |||z = 1. Since the shearlet transform is continuous,
there exist h > 0 and (p,q,r) € S such that

J= inf |SHyn(a, s, t)| > 0.

(avsvt)EQh (p7q7,r)

Next, let N > 0 be arbitrary. Since Dt (A, w) = oo, Proposition 2.7 implies that there exists
some (z,y, z) € S such that

#w(A N Qh(l', Y, Z)) > N.

Observe that the function g := o((x,y, 2) - (p,q,r) )y satisfies g € L*(R?) as well as ||g||» =
Inll2 = 1. By using

(CL, Sat) € Qh(xayaz) — (p7q7r> ’ (:Caya Z>71 ' (aa 37t> S Qh(p7Q7'r)7
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we obtain

> Hgwla,s,t)io(a,s, )P
(a,s,t)EA
_ 1
> > (o (2, y,2) - (D, q,7) " )n, wla, s, )20 (a, s, L))
(a,s,t)EANQp (2,y,2)

= Y wlastlne(@en- (@) (s 0P

(a75=t)€AmQh (J?,y,Z)

Z w(a> S,t)|S'Hw77(£p, Q>T) ' (:L‘,y,vz)_l ' (a> 5>t)) |2

(a,s,t)eANQp (x,y,2) g
> #w(A M Qh(xa Y, Z)) ’ 52
> N-§°%

Thus, (5) is proved.

(ii). Let ¢ € L*(R?) and A = {(a’,bk,cm) : j,k € Z,m € Z*} with a > 1 and b,c > 0 be
chosen such that the regular shearlet system SH(¢, A) forms a frame for L?(R?) with frame
bounds A and B. It will be proven in Proposition 6.2 — the proof of this proposition does not
require the result under consideration — that the subset A of the shearlet group S possesses

€Qn(p,q,r)

a uniform density, in particular, D~ (A) = D (A) = —. Using the constant C' := ||¢]|;
and applying Theorem 4.4 to SH(v, A) and SH(p, A),
1 cC -
.
bc?lna B(ez + Res )4
what was claimed. U

6. DENSITY ANALYSIS OF VARIOUS CLASSES OF SHEARLET SYSTEMS

To illustrate applicability of the introduced density analysis and, in particular, of Theorem
5.1, we will study different classes of weighted shearlet systems — meaning, different classes of
sets of parameters — concerning their potential to lead to a frame with suitable generator. The
classes to be analyzed consist of oversampled shearlet systems and co-shearlet systems. We
also add a discussion of the (non-)usefulness of density notions based on different (isomorphic)
shearlet groups such as S.

6.1. Oversampled Shearlet Systems. The technique of oversampling was already used
for different types of systems; for an overview with various references, see [21]. The main
objective is to generate a denser location grid, aiming at a positive lower frame bound (see
also [22]). Customarily, the translation parameter of a regular system — such as the regular
shearlet systems (2) — is oversampled. We follow this strategy with the following

Definition 6.1. Let ¢ € L*(R?), a > 1, and b,c > 0, and let {R;};rez C GLa(R). Then
we define the oversampled shearlet systems generated by 1 with respect to the sequence of
matrices {R;y}jrez C GL2(R) to be SH(¢, A, w), where

A= {(d’, bk,cR;klm) 5,k €Z,m e 7%} (6)



IRREGULAR SHEARLET FRAMES: GEOMETRY AND APPROXIMATION PROPERTIES 17

and

w(a’, bk, ch_klm) = |det R; .| " (7)

Obviously, this definition includes the regular shearlet systems (2) as a special case by
choosing R, = Id for all j, k.
We now study two different types of oversampling matrices {R;};rez C GL2(R):
e Diagonal matrices: This study includes regular shearlet systems, and, in general,
provides a lattice-oriented oversampling.
e Shear matrices: This allows the oversampling to be biased towards a prespecified
direction.

Interestingly, the upper and lower weighted shearlet density coincide, hence all oversampled
shearlet systems, and, in particular, regular shearlet systems are associated with a set of
parameters with a uniform weighted shearlet density. Intuitively, this seems plausible by
regarding the positioning of the parameters displayed in Figure 1.

to to 12

Ficure 1. Positioning of the parameters of a regular shearlet system.

Proposition 6.2. Let ¢ € L*(R?), a > 1, and b,c > 0, and let {R;1.};xez C GL2(R) be one
of the following two cases:
(a) Rjj = dlag( le (212) with r k, ](k € R forall j, k € Z.
(b) Rk = Spi for all j, k € Z.
Let SH(v, A, w) be the associated oversampled shearlet system with A and w being defined by
(6) and (7), respectively. Then A with weights w has the uniform weighted shearlet density
1

DT (A A —
(A w) =D~ (A w) = 57—
Proof. We first assume that the sequence of matrices {R;x}jrez C GL2(R) satisfies (a).
Now we fix a center point (x,y,2) € S and a size h > 0, and consider the box Qy(z,y, z). If

(a?, bk, ch”,im) € A is contained in Qp(z,y, 2), then
ya3/2

1 L (@
(z,y,2) -(a],bk,cRLkm)_(;’bk \/_

CR k.m SbkAayA IS Z) € Q.

First, % € [e7"/2,e"?) implies

h
| - <5<
O8a 21na_j_ ogax—I—ana,
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which is satisfied for at least ™ —1 and at most —|— 1 values of j. Next, bk — y‘jf € [—%, %)
yields
yal’?>  h yay/2 h
<k
bv/r 20 bf
which, for a fixed value of 7, is fulfilled for at least 2 — 1 and at most % + 1 values of k.
Finally, cR; km SbkAa]A S Z=1 € [—5, 5) leads to
=:(C1, 02)
h a
D < me < D L) (8)
Cz 2 h @
7|rj,k| Bl m < 2P ) (9)

w% w%
— 1 and at most —2*= + 1 values for my,

|%

For fixed j and k, (8) is satisfied for at least —2*
Blri2)|

and (9) is satisfied for at least —2= — 1 and at most —Z

Summarizing,

+ 1 values for m,.

1 hr hr@)
b B B

#w(AﬂQh(xayaz» = \detRjk| lna b c c ( )

(10)

Thus,

D"'(A,lU) = limsup sup #W(AﬂQh(:C,y,z))

h—oo  (z,y,2)€S h*
|7" k 7" | 1

= i o + 7000’
liﬂsjjp [ bc? In al det Rjk| ()
, 1 1, .,

= b {602 ma © h4o(h )}

B 1

~ b2lna

= D (A w).

This proves part (a).
Next, we assume that the sequence of matrices {R;};rez C GLo(R) satisfies (b). This
proof follows the argumentation of part (a), except that (8) and (9) are substituted by

h h
g—i—bkmg ~ % < my < g+b/’£mg + e
c

02 h 02 h
o< my <24
c 2c c 2¢’
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with C and C5 defined by cS,;Clm — Sy Ay A;ls; 2. This change then leads to

=:(C1,C2)T

A .
FAN Qo0 2) = o+ (5] +0m),
instead of (10). Thus,

h* 1
DY (A, w) = li =
(A, w) hros (bc?lna)h*  bc?lna

=D (A, w).
The proposition is proved. U

6.2. Co-Shearlet Systems. Co-affine systems were introduced in [10] for general affine
systems in arbitrary dimension by interchanging dilation and translation in the definition of
regular affine systems. Surprisingly, such systems can never form a frame. Here we use the
same concept to introduce co-shearlet systems by the following

Definition 6.3. Let ¢ € L*(R?), a > 1, and b,c > 0. Then we define co-shearlet systems
to be SH(, A, w), where

A = {(d?, bk, Sy Agicm) : j, k € Z,m € Z*}
and w = 1.

Notice that these systems indeed arise from interchanging dilation (parabolic scaling and
shearing) and translation in the definition of regular shearlet systems, since changing those
operations in (2) leads to

{a®/ (S A (- = em)) : j,k € Z,m € Z°).

Also here — similar to the situation of co-affine systems (see [19]) —, the set of parameters
associated with co-shearlet systems leads to extreme density values. This becomes evident
by viewing the positioning of the parameters displayed in Figure 2. The very different
distribution compared to Figure 1 will extensively be exploited in the proof of the following
result.

to ty ty

F1GURE 2. Positioning of the parameters of a co-shearlet system.
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Proposition 6.4. Let ¢ € L*(R?), and let a > 1, and b,c > 0. If SH(¢, A\, w) is the
associated co-shearlet system, then

DY (A,w) =00 and D (A,w)=0.

Proof. First, fix a center point (z,y, z) € S and a size h > 0, and consider the box Qp(z, v, z).
If (a?, bk,cR;kl;m) € Qn(z,y, z), then

NZ%

Similar as in the proof of Proposition 6.2, % € [e7"2, eh/?) implies

. J
(z,y,2)"" - (d?, bk, Sy Agicm) = (%, bk — , SprAgiem — SbkAajA;Sy_lz) € Qp.

h
1 - <9<
O8a 21na_‘7_ Ogax+21na’

which is satisfied for approximately ﬁ values of 7. (Note that we don’t take the term 41
into account anymore (cf. the proof of Proposition 6.2), since these only contribute a lower
power of h when considering the limit.) Also, bk — % € [—%, %) yields

ya'’> h yal’?  h

yo_ N ¥
b 2 S

which, for a fixed value of j, is fulfilled for approximately % values of k.

However, Sy, A,icm — SbkAajAglsgle =€ [—%, %)2 implies
1
m= — [Aa—j S_pky + A;lSy‘lz} ,
c —_————
=:(C1,Ca)T
which can be rewritten as
a™’ bka=7 a=1/?
my = Cy + o 2 and my = Cy + Yo,
c c c
where 1,7, € [—%, %) Thus,
s h s h
c c
a_j/Qh a/_j/2h
Cy — < < C ) 12
2 2c my Sz 2c (12)

For fixed j and k, (11) is satisfied by approximately a =/ (1 + b|k|)h/c values of m,, and, for
fixed 7, (12) is satisfied by approximately a=7/2h/c values of ms.
Summarizing our findings,

aj/2 h
|log,, a:—i—ﬁj Lyb\/; +55

pan@er = > X (et ) (5 1),

- h /2
j*l’lOgax_zllna.I k':"Ubaj//E 7%"
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By changing x, we can make this quantity arbitrary small or large. Figure 2 displays this
behavior: As x moves towards the ty-axis, this quantity becomes arbitrarily large, and as x
moves away from the to-axis, this quantity becomes arbitrarily small.

Hence we can conclude that DT (A, w) = co and D~ (A, w) = 0. O

Application of Theorem 5.1 now enables us to conclude the non-existence of frame bounds
for a co-shearlet system from this proposition.

Corollary 6.5. Let vy € L*(R?), leta > 1, and b,c > 0, and let SH(¢, A, w) be the associated
co-shearlet system. Then SH (1, A, w) does not possess an upper frame bound. In particular,
the system SH (v, A, w) can not be a frame.

Proof. By Proposition 6.4, D" (A, w) = oo and D~ (A, w) = 0. Since Dt (A, w) = oo, Theo-
rem 5.1 (i) implies that SH (v, A, w) does not possess an upper frame bound. O

6.3. Discussion of Density Results for S. Let us now briefly discuss the potential for
the shearlet group S to lead to ‘nice’ density properties. In the wavelet case, it was shown in
[23] that in fact the choice of affine group multiplication has a strong impact on properties of
the density induced by it. Two versions of the affine group were studied, and it was shown
that one did not lead to a uniform density for the regular wavelet systems as the other did.

To start our discussion, we first observe that using S instead of S, the notion of upper and
lower weighted shearlet density, D=, say, can be introduced in a similar way as in Definition
2.4, however using a left-invariant Haar measure of S instead of . With this definition, all
results from Section 2 — with different constants — can be proven using proofs quite similar
to the ones presented.

By using Lemma 2.2 it can easily be computed that the set

A={(a, —bk:a_%,csfbk\/a—jAa—jm) D jk €Z,m e 7%,

a>1,b,c> 0, is a set of parameters such that :9\7-/[(#), /~\) is a regular shearlet system. Using
arguments similar to those in the proof of Propositions 6.2 and 6.4, we can conclude that in

fact regular shearlet systems SH (1, /N\) are not associated with a uniform density using D=.
This justifies our choice of S.

7. PROOFS

7.1. Proofs of Results from Section 2.

7.1.1. Proof of Lemma 2.6. (i). Fix any (x,y,2) € S. It suffices to prove the existence of
some (a, s,t) € Qp,, and j, k € Z, m € Z* such that

(z,y,2) = (ae’" s+ he "4 k/a, t + he 28, A,m)
(2" he "4k, he™"2m) - (a,s,t) € Qu(e", he "k, he "*m).
The three desired equalities
r=ae’, y=s+he"kyva and z=t+he "S5, A,m
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are equivalent to

] Inz Ina
J= T 13)
h/4 h/4
po= 2 (14)
ha  ha
(21 —t1)el? s(zy — to)eh/?
_ _ 15
my ha ha ) ( )
—t h/2
my = 2Tt (16)

hv/a

We now show how to construct (a, s, t) € Qp,, and j, k € Z, m € Z?* satisfying those.

Let j be the unique integer contained in the interval [IHT“” — %, IHTJ” + %), and set a = xe 7",
Then a € [e7"/2,e"/?) and (13) is satisfied. Next, let k be an integer contained in the
interval [y]ff/; — Z}:Z, y]f\h/gl + ;%), and set s = y — he "/*ky/a. By the choice of k, we

h h

have s € [-5,5

[h\/ — g mel %) and define t by ty = 25 — mohy/ae 2. Again, t, € [=£ 1),

and we have established (16). Finally, we choose the integer m; to be contained in the interval

) and hence (14) is fulfilled. Further, let my be an integer contained in

h/2 h/2 o ch/2 n/2 h/2 h/2 o ch/2 h/2 “h/2
z1e _ szg€e stoe e zie _ szge stoe e _ o
[ ha ha + ha 2a ha ha + ha + 2a >’ set 11 = 2 myhae +
s(z2 — t2), and conclude that ¢; € [~%,%). Thus, also (15) holds.

Concluding, {Qn(e’", he "4k, he™"/?>m) : j,k € Z,m € Z?} is a covering of S, i.e., X is
Qp-dense in S.

(ii). Fix any (z,y, z) € S, and let (u, v, w) € Quu(,y, 2) NQu (e, he "4k he="/?>m). This
implies that there exist (a,s,t) € Q.4 and (d', s',t') € @y such that

(u,v,w) = (z,9,2) - (a,s,t)
= (ax7 S + y\/57 t + SSAGZ) E th(x’ y’ 2)

and

(u,v,w) = (e he ™4k, he™2m) - (d', 1)

= (de" &+ he VA + he 28y Agm) € Qu(e", he "k, he " m).

From az = a'e" with a € [e7"/2,e"™/?) and o' € [e7/?, €"/?), it follows that

l,efh(rJrl)/Q < ejh < xeh(r+1)/2’ (17)
and hence | |
nr r—+1 nr r—+1
—C <j< == .
2 ST T
This is satisfied for at most r 4+ 2 values of j.

—S')eh/4 rh rh

Next, k = & T y‘ﬁ;;“ with s € [, ) and s’ € [-2, 2) implies that

yVaet  (r+1 eh/2<k<y\/5€h/4+ r+1 o2
ha' 2 A 2 '
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For fixed values of a € [e™™/2 ¢™/2) and o' € [e7"/? e/?), this is satisfied for at most
(r + 1)e"/? 41 values of k.
Finally, we need to study the equation

he "m = ANS NS Ay +AS S (t — 1),
N——

=(C1,C9)T
which is
he™"2m, Oy + Bh) )
( he=h/2m, ) = oA (ti/—a_fg) ;
with t1,t5 € [—%, %) and t],t, € [—%, %) This yields
C,el/? B s'eM2(ty —th) C(rt 1)eh e o < C,eh? B s'el2(ty — th) N (r + 1)eh(18)
h a'h 2 = N T h a'h 2
Coell? r+1)e?h/4 Coell? r+1)e?h/4
2h _ 2) < my < 2h iy 2) . (19)
For fixed values of a € [e7"™/2 e™/2) o/ € [e7h/2 "/?) s € [~ 1) and s' € [-4,1),

inequality (18) is satisfied for at most (r + 1)e" + 1 values of m;, and inequality (19) is
satisfied for at most (r + 1)e3/* + 1 values of ms.
Summarizing, the box Q,(z,y, z) can intersect at most

slone L ffn Y\ ana, L
(r+2)(r+1) {e +T+J {e +r+1} {e +7“—|—1}
sets of the form Q,(e/", he "k, he™"/?m).

(iii). We first observe that there exist at least r values of j which satisfy (17). Further,
for fixed value of j, there exist at least (r + 1)e"/2 values of k which satisfy (7.1.1). Finally,
for fixed values of j and k, inequality (18) is satisfied by at least (r + 1)e” values of my, and,
for fixed value of j, inequality(19) is satisfied by at least (r + 1)e3/* values of my. Thus
Qrn(,y, 2) intersects at least r(r + 1)3e”*/* sets of the form Qy(e’", he™"/*k, he™"/?>m).

7.2. Proofs of Results from Section 3.

7.2.1. Proof of Theorem 3.5. Suppose that f, ¢ € By. We will first start with a general decay
estimate for SH, f, which will be exploited frequently throughout the proof. By Lemmata
3.3 and 3.4, there exists C; > 0 such that, for all (a, s,t) € S,

SHyf(a,5,0) < Cra??— AL : 20
[SHy S ( )" <G g2 1972 (L a?)P(Va + |s])? (20)
L+ ’ max{1,d} ||

where 8 > 4o+ 2 and a > 3 and d* = (2 + %)-max{a%,% :
Consider the sum

D20 2 87uf Xawenkerrsevam |- (21)

JEZ kEZ meZ?
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It is sufficient to prove that this sum is finite, which implies SH,f € Ws(L>, L'). Since
SHy f is continuous, the proof is then complete.

To prove finiteness of (21), we will carefully split this sum into four subsums, and show
finiteness of each one of those. To find a suitable ‘splitting point’ — and also to derive

estimates which will become useful later —, for some j,k € Z and m € Z?, we consider an
element (a, s,t) € Q1(e’, ke™'/* e71/?m). Then

(a,s,t) = (&7, ke Y4 e71V2m) - (x,y,2) = (ze,y + ke V*/z, 2 + 6_1/25y14$m),

for some (z,y, 2) € Q, = [e7 /2, e/?) x [—%, %) X [—%, %)2 This implies
(01) 6]'—1/2 <a< ej+1/27
(Co) e — 5 <Is| < Ikl +1,
(Cs) e V2|8, Aum]lc — 5 < [ltlloo < e7V2|SyAem]lo + 3

From (Cj), we conclude that

B 1 72/} 1
oo > ™21y Aamlloo — 5 > 7 T 5
! 2 15y Hloo 1A Hloo 2

3e

Since [|S;|ool[ A7 loo = (1+ [yl) max{%, %}, we conclude for any |[mle > 3,

xT

il 1 il
3e 2= 3e

This delivers our ‘splitting point’, and we decompose the sum (21) according to

Z Z Z HSH$f : XQl(ej,ke_1/4,e—1/2m)”OO - Tl + T2 -+ T3 + T4,

JEZ kEZ meZ?
where

0
T = Z Z Z HS,H’NC'XQl(ejvkefl/Zlve*lmm)Hoo’

J==00 k€L {meZ?:|m||0o>38}

T2 = ZZ Z HSwa : XQl(ej,ke_1/4,e_1/2m)”oo7

J=1 K€L {mez?:||m||oo>32 }

0
T3 = Z Z Z HSwa'XQl(ej,ke*1/4,e*1/2m)}}oo7

J==00 k€L {meZ?:||m|oo <%}

T, = ZZ Z H8H¢f : XQl(ej,ke*1/4,e*1/2m)”oo'

J=1 k€L {meZ?:|mllo <%}

We now prove that each of the sums 77T} is finite.
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T,. Suppose that (a,s,t) € Qi(e/, ke e/2m) with j < 0, k € Z, and m € Z?,
[m||oe > 2. First assume that j < 0, hence a < 1. Then

2 11 2a + s
d2:(2+8—>ma><{—27—}= CH;,S > 1,
a as a a

and hence, also using (22),

AT S|P 12113 a*||ml3 a?[|m]|2,
1+ > 1+ S > 1+ o > 1+ :
max{1,d}|| d?[| Au 1211512 9¢2(2a + s?)a(l + |s|)? 18¢2(1 + |s])*
This together with (20) and (C9) implies
9 2 38/2
SHof(a, s, < G 2WerBlT ’
s[4 _elmiz 1°7Y2 (1+a)(Va+[s|)?
o’ |1+ waarane
B o e
T pare [18e0ea)t o R s )72
s [BEAD iz |77 a5 (14 1)
PR
[m[lZe= (14 [s])7~*
Clmlzt (Ve + 2[R
Hence

< .
|SHy f(a,s,1)] < Cy (Ve + 2[k]) B2’

[l

and we obtain

-1
> > > [SHuf -+ XQues ko175 e-172m) ||

j==00 KEZ {mez2:m o>}

0
~20+3)j 1 3 ~(a-})

< (B 20¢+§)]/4 - 2 23

= i Z € Z (Ve + 2|k|)(B—4e)/2 [m]| ) (23)

{mez2:||ml| oo >3}

j=—00 kEZ

which is finite.
If j =0, then 1 < a < +/e, and it is easy to see that, by (20) and (Cy),
4 1
S )] < '
| H¢f(a,s, )| ~ (\/E_'_2|k|>(ﬁf4a)/2>

o]
[l

which implies

) > [SHyf - Xauke1/5.c172my |, < 00 (24)

kE€Z {mez2:||ml| 00> 3¢}

Hence, from (23) and (24), it follows that 7} is finite.
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T. Suppose that (a,s,t) € Qi(¢?, ke /4, e V/2m) with j > 0,k € Z, m € Z?, and m € Z?,
m]|ec > 2¢. Then a > 1 and d* = 2“&%82
Now we distinguish two cases: If d*> > 1, then
. ATS
max{1, d}

2 2 2
R @l

1+
B Pl Al 215615~ 9¢*(2a + s?2)a?(1 + |s])?
Imll%

> 1 .
= T RA(Ja+ st

[e. 9]

By (20), we hence obtain

O 2+ lsl) "

iz, 1972 (L a?)P(Va+[s])?

|8H¢f(aa S, t)|2 <
@ |1+ ey

- a” PO (Ja + |s])* 1

-~ 1 — .
[18¢2(v/a + |s)* + [|m|2]* > (Va+|s])?
a_(6+1)/2 1

< (O .
[m|[2e=1 (14 |s])f~4
e_(6+1)j/2 1

<

C : .
HimlZet (Ve + 2[R
This yields

I 5 DD S SR

J=1 keZ m622,||m||oo>%

> _ . 1 —(a—1)
< 4 e~ (BHDI/A _ HmHOO 2,
S S R
hence T5 is finite.
If d> < 1, then
AT S|P (s 13
1+ > 1+ 5 2 :
max{1,d} || a’(1+|s|)? 9e2a?(\/a + |s])?
By (20), we hence obtain
1 a38/2

|SHyf(a,s,t)]* < Cya®?

Ly mi )07 (T4 a?)P(Va+s])?
523 (Va o))"

_ a7(572a71)/2(\/a+ |S|)4a72 1

-~ 1 — :
9e2a2(v/a + [s|)* + [lm|2,)* " (Va+[s])?
~(B-2a-1)/2

< Cla ' 1

Il (1 s
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o~ (B-20-1)j/2 1

< C : .
T mlET (Ve 2Jk]) e

This yields

1 (a1
(B—2a—1)j/4 a 2)
I < Clze Z (Ve + 2[k[)(B—4a+2)/2 Z 1mloo '

=1 ke {mEZ2:||ml o> 3¢}

which is finite.
Ts. Suppose that (a,s,t) € Qi(e?,ke™"* e /2m) with j < 0,k € Z, m € Z? and

|m]|so < =£. First assume that j < 0, hence a < 1. Then, by Lemma 3.4,
a38/2 Pt e(B+3)i/2
\SHy f(a,s,t)] < Ca’/*- <C <C :
ey (12 2) O S

And hence

0
> > > [SHuf - Xau(er he-17e-172m ||

Jj=—00 k€Z {mEZQ:HmHOOS%}
0

3y, 1
< CBer1 Y ehiny L (25)
. 2 (Ve + 2fk])?

which is finite.
If 7 =0, then 1 < a < +/e, and it is easy to see that, by Lemma 3.4,

C
|SHyf(a,s,t)] < VAT
hence
Z Z H‘Swa : XQl(l,ke—1/4,e—1/2m)Hoo < o0. (26)

k€L {mez2:|m|lo <%}
Thus, by (25) and (26), 7% is finite.
Ty. Suppose that (a, s,t) € Qi(e?, ke /4 e /2m) with j > 0 (ie., a > 1), k € Z, m € 72,
and [[m|| < 2. By Lemma 3.4,
438/

S Cadlt . C A
B T e (e r I v 1

1 (—*—)

I

This implies

I 5 SHD SR TN R ORI

J=1 hEZ {meZ?:{jm|loc <32}

(83 1
< et Y
(Ve + 2Ik])?

kEZ

and hence T} is finite.
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Summarizing, we proved that the sum (21) is finite, which finishes the proof.
7.3. Proofs of Results from Section 4.
7.3.1. Proof of Lemma 4.2. Let § > 0 and R’ > 1 be given, and define

5\ 2 5\ 2
R:I (14‘5) €5R/+5(1+§) e5+5.

Our first claim is that, for any (p,q,7) € S,
Q(s(paq’r)\QR 7&@ — QzS(paqar)ﬂQR’ = @7 (27)

a technical ingredient required in the main body of the proof.
Suppose now that there exists some (a, s,t) € Qs(p,q,7) \ Qr. To prove (27), we assume
that (x,y, z) € Qs, and show that this implies

(p:q,7) - (2,9,2) = (pr,y + qV@, 2 + Sy A7) ¢ Q. (28)
First, our hypotheses imply

(a,s,t) ¢ Qr, (29)
(pa%'r)il'(aasat): (p S_C]\/; — SsALS_ A;T) € Qs, (30)
(l‘,y,Z) € QzS- (31)

Next we use (29)—(31) to prove (28).
R
2

For this, first suppose that a > ez. Then (29)—(31) imply
_3 R

R
— 7_6>62'

png( x) >e” Sese
a

/

Similarly, if a < e‘g, then pr < e~ . In either case, (28) holds.
Next, suppose that s > g. Then, since

y+aovr=y-— (s—q\/g) \/g\/%Jrs S\/E-

we obtain
I/ SSURLINCIE O S G PO S SO SR i)
- 2 2 2 2 2 2 2
Similarly, if s < —<, then y 4+ ¢/z < —%. Again, in either case, (28) is true.

Finally, if a € [e 2,62) and s € [ £, g), we aim to prove ||z + S, A,7|l« > . Since (30)

implies ||t — SsAaS_%A%rHOO < ¢ and (29) implies [|t/| > £, we obtain
R—90
19:AaS- £ Arrlloe = [[tlloc — It — SeAaS_ g Arrlo = —

Hence

(R - 9) B (R - 6) . _(R=0)

%oo”A;Hoo_2(1+ )mx{ \f}‘2ez(1+ 5y’

HTHOO > ’
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where the last inequality follows from (30). This implies

_ /
7]l _ 7 lloo s R-0 R+

||SAmT||ooZ — — = =
: 19, locll A e (1 pyymax {3, 2} " 20 (149)" 2

It now follows from (31) that [|z]. < 2. Hence

/

R
12+ Sy Aurlloo 2 1Sy Aurlloo = ll2llo0 2 =

Summarizing our findings, we can conclude that (p,q,7) - (x,y,2) = (pz,y + q /2,2 +
SyAur) & Qrr, ie., (28) was proven, and hence (27).
To finish the proof, let € > 0. Since SH(A) is a frame, Theorem 5.1(i) (notice that its

proof does only require results from Sections 1-3) implies that D*(A) < co. By Proposition
2.7,

M = sup #(AﬂQl(xayaz)) < 0.

(z,y,2)€S
Hence, for all (p,q,7) € S,

S S#((p,q,?“)‘1 AN Qi(z,y,2) = S R (ANQi((p,g.r) " (2,y,2))) <M < oo.
T,Y,2)€E T,Y,2)€
(32)

By Lemma 2.6, the set {Qi(e?, ke V% e7V2m)}; pezmezz is relatively separated and for
each point (x,y,2) € (p,q,7)" "+ A\ Qr there exists some jo, ko, mo such that (z,y,z2) €
Q1(e%, koe /% e7/2myg). Also, Lemma 2.6 implies that there does not exist any element
{Q1(e7, ke™/* e72m)}; rez.meze Which intersects more than 24 <e% - %) (e +1) <e% + %)
of the other elements in this set.

In light of (27) we now define

J={(, k,m) €L x L xZ?: Q(e?, ke ™ 2m) N Qp = 0}.
Since 1, g € By, by Theorem 3.5, we have SHyg € Ws(C, L') € Ws(C, L?). Hence, if R’ is

large enough,

€
Z HSH¢Q ' XQl(ej,ke*1/4,e*1/2m)Hgo < M (33)
(j,k,m)ed
Finally, by (32) and (33), we conclude that
Z \SH¢g(x,y, Z)‘Q < M Z ”Sng : XQ1(ej,ke—1/4,e—1/2m)”c2>o <€
(z,y,2)€(p,q,r) " 1A\QR (J,km)e]

This proves the lemma.

7.3.2. Proof of Theorem 4.4. Since {o(a,s,t)¢: (a,s,t) € A} is a frame with frame bounds
0 <A< B<oo,[11, Lem. 3] together with the definition of the space V' implies that

tr[T]

> & 3 (T(ola5,1)0),0(a,5,0)6)

(a,s,t)€A
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(T'(o(a,s,t)9),0(a,s, 1))

vV
| —
]

(aa87t)e(p7Q7T)thA

(Pyw Py(o(a,s,t)p), Pyo(a,s,t)p)

SIS
[

(a’7svt)€(p7qu)thA

1

(]

[<U(a7 5, t)¢a U(a’ S, t)¢> - <(PW - I) (U(aa S, t)¢)’ U(a’ S, t)¢>] (34)

(aa87t)e(p7Q7T)thA
By the Cauchy-Schwarz inequality, (4), and the Weak HAP, we estimate the second term
in (34) by
(P — D)(o(a,5,1)6), o(a, 5, )0)]
< (Pw —Dol(a, s, t)oll2 - o(a, s, 1)l
dist (o(a,5,1)6, W (R + hef + Rhe®, (p,q.7))) - 0]
dist (o(a, s,t)p, W (R, (a, s,1))) - |02

elloll2
eC.

VANRVANVAN

This yields a lower bound for the trace

v

i) %? 2. 0“7—€V=§K%§32#@%0L%TNWA) (35)
(a,5,t)€(p,q,r)QhNA

Next we aim for an upper bound for tr[T]. Since T is a product of the orthogonal projec-
tions, its eigenvalues are between 0 and 1, and hence

Uﬂ?SmmﬁvS&mmﬂR+M§+Rm£in%ﬂDS#(W%ﬂQmmgmmgﬂ@y
(36)

Combining (35) and (36),

C(C —e)

2 #@Qupa)NA) < #(Q,n, psPar)NA)

_ #@%Mgﬂm%m%”ﬂA)(R+m%+Rm%4

(R+ he® + Rhe)? h

Taking the infimum or supremum over all points (p,q,7) € S, and then the liminf or
limsup as h — oo, we obtain

EK%5291>(A)gl)(A)@ﬁ-%Re?f and EK%;;QIﬁ(A)g]DWA)@g-%Reff’

respectively. The claim is proved.
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