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ABSTRACT. This paper proves that every frame of windowed exponentials
satisfies a Strong Homogeneous Approximation Property with respect to its
canonical dual frame, and a Weak Homogeneous Approximation Property
with respect to an arbitrary dual frame. As a consequence, a simple proof
of the Nyquist density phenomenon satisfied by frames of windowed expo-
nentials with one or finitely many generators is obtained. The more delicate
cases of Schauder bases and exact systems of windowed exponentials are also
studied. New results on the relationship between density and frame bounds
for frames of windowed exponentials are obtained. In particular, it is shown
that a tight frame of windowed exponentials must have uniform Beurling
density.

1. INTRODUCTION

A sequence F = {f;}icr in a Hilbert space H is a frame for H if there exist
A, B> 0such that A f[|* <3,/ [(f, fi)]* < B||f|]? for all f € H. Frames pro-
vide unconditional basis-like (but generally non-unique) representations of vec-
tors in H. They have applications in a wide range of areas, such as sampling
theory [1], operator theory [16], nonlinear sparse approximation [14], wavelet the-
ory [7], wireless communications [29], data transmission with erasures [13], signal
processing [3], and quantum computing [8].
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Let Q be a bounded subset of R%, let g € L2(Q2), and let A be a sequence of

points in R%. Then
E(g.A) = {7 g(x)}ren

is a system of windowed exponentials in L?(Q2). These systems play important
roles in the theory of reconstruction from irregular samples, e.g., [15], [1]. Nec-
essary density conditions for £(g,A) to be a frame or Riesz basis for L?(Q) are
known. In particular:

(a) if £(g,A) is a frame for L?(Q) then D~ (A) > |9, and

(b) if £(g, A) is a Riesz basis for L?(Q) then D~ (A) = DT (A) = 9],
where D™ (A), D*(A) denote the lower and upper Beurling densities of A, re-
spectively (see Definition 2.1). The value || is the Nyquist density. The precise
formulation of the Nyquist density is due to Landau [23], [24], in the context of
sampling and interpolation of band-limited functions. There is a rich literature
on this subject, as well as for related ideas concerning sampling in the Bargmann—
Fock space of entire functions and necessary density conditions for Gabor frames
in L?2(R%). Extensions to systems Uszl E(gk, Ax) with finitely many generators
are known and will be the setting of this paper, but for simplicity we will in this
introduction discuss only the case of a single generator.

Proofs of (a) and (b) were given (with some restrictions) by Gréchenig and
Razafinjatovo in [15], utilizing the idea of the Homogeneous Approximation Prop-
erty that had been introduced for Gabor systems in [28] (cf. the extensions and
applications in [6]). For a frame of windowed exponentials, the Homogeneous Ap-
proximation Property roughly states that for each f € L?(2) and ¢ > 0, there is
a single R > 0 such that every modulation M, f(x) = €*™**® f(x) can be equally
well-approximated (to within €) using only those frame elements whose indices A
lie in the box Qr(«) of sidelengths R centered at o. This is remarkable since A
is not assumed to have any structure whatsoever—there need not be any relation
between the points in A N Qr(«) for different a.

We have the following main purposes in this paper. (1) We prove that every
frame of windowed exponentials satisfies a Strong Homogeneous Approximation
Property with respect to its canonical dual frame and a Weak Homogeneous Ap-
proxzimation Property with respect to an arbitrary dual frame. (2) We give a
simple proof (without restrictions) of the Nyquist density phenomenon satisfied
by frames of windowed exponentials. (3) We present new results and conjectures
regarding Nyquist phenomena and the Homogeneous Approximation Property for
the more delicate cases of Schauder bases and exact systems of windowed expo-
nentials. (4) We present new results on the relationship between density and
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frame bounds for frames of windowed exponentials. In particular, we obtain the
new result that every tight frame of windowed exponentials (A = B) must have
uniform Beurling density. Tight frames are especially useful since the complexity
of implementing frame algorithms is strongly tied to the ratio B/A.

Our paper is organized as follows. In Section 2 we present our notation and
background on density, frames, and Schauder bases, and present some results
that we will need regarding the properties of the Fourier transforms of compactly
supported functions. Our main results are presented in Section 3. In Section 3.1
we show that Schauder bases and Bessel sequences must have finite upper density.
We show in Section 3.2 that all frames of windowed exponentials satisfy a strong
version of the HAP, and at least some Schauder bases of windowed exponentials
satisfy a weak version of the HAP. Section 3.3 presents the Comparison Theorem,
which shows that any frame or exact sequence which possesses this weak version
of the HAP must have a density greater than any Schauder basic sequence of
windowed exponentials. In Section 3.4 we derive necessary density conditions
for frames of windowed exponentials and obtain relations among the density of
the index set, the frame bounds, and the norms of the generators. Finally, in
Section 3.5 we derive necessary density conditions for certain classes of Schauder
bases and exact systems of windowed exponentials, and present some conjectures
and open problems regarding these systems.

2. NOTATION AND PRELIMINARIES

In this section we define our terminology and provide some background, dis-
cussion, and examples related to our results.

2.1. General notation. Throughout, Q2 will be a bounded, measurable subset of
R?. We regard any function g with domain 2 as being defined on R¢ by setting
g(x) = 0 for z ¢ Q. Consequently, LP(Q) C L'(R?) for all 1 < p < co. The
Fourier transform of g € L*(R?) is §(¢&) = [ga g(x) e ™2™ da.

Let A = {\;}ic1 be a sequence of points in R¢, with countable or uncountable
index set I (more precisely, this means that A is the function ¢ — ;). For
simplicity of notation, we will write A C R?, but we always mean that A is
a sequence (in the above sense) and not merely a subset of R%. In particular,
repetitions of elements in the sequence are allowed. We will say that A is a lattice
if A = A(Z?) where A is a d x d invertible matrix.
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Often we will deal with several sequences A1,...,Ay C R?, and will use the
notation A = Uszl Ay to denote the disjoint union of these sequences. In par-
ticular, if each Ay is countable and is indexed as Ay = {\jx}jen, then A is the
sequence A= {)\11, ceey AlN; Agl, ceey )\2]\], e }

The translation of a function g by a € R% is T,g(z) = g(x — ), and the
modulation of g by B € R? is Mag(z) = €2™#2g(x). Using this notation,
E(g,A) = {Mxg}ren.

Given z € R? and h > 0, we let Q(x) denote the half-open cube in RY
centered at x with side lengths h, specifically, Qn(x) = H?:l [z; — %, zj + %)

If H is a Hilbert space and f; € H for ¢ € I, then span{f;}ic; will denote
the finite linear span of {f;}ics, and span{f;}icr will denote the closure of this
set in H. The distance from a vector f € H to a closed subspace V C H is
dist(f,V) = inf{||f —v|| : v € V} = ||f — Pvf||, where Py is the orthogonal
projection onto V.

2.2. Beurling Density. Beurling density measures in some sense the average
number of points contained in unit cubes. The precise definition is as follows.

Definition 2.1. Let A = {\;};cr be a sequence of points in R?. The lower and
upper Beurling densities of A are, respectively,

D (A) = lminf inf w

D*(A) = limsup sup #(Am—?h(ﬁ)).
h—oo BeRd h

In general -, D™(Ax) < D™(Uply Ak) < DH(Upzy Ak) < Sl D (M),
but these inequalities may be strict, e.g., consider A; = {k € Z : k > 0} and
Ay={k€eZ:k<0}.

A sequence A satisfies DT (A) < oo if and only if A = Ay U---U Ay where each
Ay, is Op-uniformly separated for some 0y, > 0, i.e., 6 = infazuen, |A — p| > 0 for
each k [6, Lem. 2.3].

The following additional implications of finite density will be useful later. If
DT (A) < oo then there must exist a finite constant Ky such that #(ANQ1(z)) <
Ky for every x € R%. If Qp,(z) is a cube with side lengths h > 1, then it is possible
to cover Qy(z) using no more than (h + 1)% cubes of side lengths 1. Therefore,
for z € R% and h > 1 we have

#(ANQu(z)) < Ko(h+1)* < 29Koh? = 29K, |Qn(z)).
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Similar observations apply to other types of sets besides cubes. For example, we
will later consider “square annuli” of the form Qpn4,(z) \ Qn—r(x). With r fixed,
reasoning similar to the above shows that there is a constant K; such that for all
x € R? and all h large enough,

#(ANQnir (2)\Qr—r(2)) < K1|Qnsr(2)\Qnr(x)] = K1 ((h+7)?—(h—r)").

More generally, these estimates are particular consequences of Landau’s proof
that the definition of Beurling density is unchanged if instead of dilating cubes we
dilate any compact set with unit measure whose boundary has measure zero [24],
cf. [22].

2.3. Bases and Frames. We use standard notations for Schauder bases as found
in the texts [25], [30], [33], and standard notations for frames and Riesz bases as
found in [5], [7], [33].

Definition/Facts 2.2. Let {f;};,en be a sequence in a Hilbert space H.

We say {fi}ien is complete if its finite linear span is dense in H. It is minimal
if there exists a sequence {fi}ien in H that is biorthogonal to {f;}ien, ie.,
(fi, f;) = 04 for i, j € N. Equivalently, {fi}ien is minimal if f; ¢ Span{f;}i;
for each j € N. A sequence that is both minimal and complete is called ezact. In
this case the biorthogonal sequence is unique.

We say {fi}ien is a Schauder basis if for each f € H there exist unique scalars
¢; such that f = Zfil ¢; fi- Every Schauder basis is exact, and the biorthogonal
sequence { fi}ieN is also a basis, called the dual Schauder basis. Further, we have

(2.1) VIeH, f=Y (Lf)fi =Y (1)
=1 =1

with uniqueness of the scalars in these expansions. The associated partial sum
operators are Sy (f) = vazl (f, fi) fi for f € H. The basis constant is the finite
number K = supy ||Sn]|-

A Schauder basis {f;}ien is bounded if there exist Cy, Cy > 0 such that
Cy < ||fi]| < Cs for every i. The dual basis {f;}ien of a bounded Schauder basis
is a bounded Schauder basis.

A Schauder basis {f;}ien is unconditional if the series in (2.1) converge un-
conditionally for every f. Consequently any countable index set can be used to
index an unconditional basis.

A Riesz basis is the image of an orthonormal basis under a continuously in-
vertible mapping of H onto itself. Every Riesz basis is a bounded unconditional
basis, and conversely.
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We say {fi}ien is a frame for H if there exist constants A, B > 0, called frame
bounds, such that

(2.2) VieH, A|fI* <D ULMP < Bl
i=1

All Riesz bases are frames, but not conversely.

If {f:}ien satisfies at least the second inequality in (2.2) then we say that
{fi}ien is a Bessel sequence or that it possesses an upper frame bound, and we
call B a Bessel bound. Likewise if at least the first inequality in (2.2) is satisfied
then we say that {f;}ien possesses a lower frame bound.

A sequence {f;}ien is a Bessel sequence if and only if the analysis operator
Cf = {{f, fi)}ien is a bounded mapping C: H — (2. In this case, the adjoint
of C is the synthesis operator C*: (> — H given by C*({c;}ien) = Y. cifi (the
series converges unconditionally in the norm of H). In particular, if B is a Bessel

bound then
2

< B el

i€EN

(2.3) V{citien € £,

> cifs

i€EN

Hence || f;||? < B for every i, so every Bessel sequence is bounded above in norm.

If {fi}ien is a frame then the frame operator Sf = C*Cf = > (f, fi) fi is a
bounded, positive definite, invertible map of H onto itself.

If {f:}ien is a frame and {g; }ien is a sequence in H such that f =Y (f, %) fi
for every f € H, then {g;}ien is called a dual sequence to {f;}ien. By Lemma 2.3
below, if a dual sequence is a Bessel sequence then it is also a frame, and hence
is called a dual frame for {f;};en. We show in Lemma 2.3 that in this case we
also have f = > (f, fi;) g; for all f € H.

Every frame F = {f;}ien has a canonical dual frame F = {f;};en given by
f}- = S§~1f; where S is the frame operator. In particular,

(2.4) VIEH, f=Y (f)fi= Y (L5

i=1 i=1
and furthermore the series in (2.4) converges unconditionally for every f (so any
countable index set can be used to index a frame). Equation (2.4) is identical
o (2.1), but for a frame the coefficients in (2.4) need not be unique. In fact, if
F = {fi}ien is a frame and F = {f;}ien is its canonical dual frame, then the
following statements are equivalent:

(i) F is a Riesz basis,
(ii) F is a Schauder basis,
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(iii) the coeflicients in (2.4) are unique for each f € H,
(iv) F and its canonical dual frame F are biorthogonal.

In case any one of these hold, the canonical dual frame F coincides with the dual
basis of F.

We say that {f;}ien is a frame sequence, a Riesz sequence, or a Schauder basic
sequence if it is a frame, Riesz basis, or Schauder basis for its closed linear span
in H, respectively.

The following two results will be useful later.

Lemma 2.3. Let F = {f;}icr be a frame in o Hilbert space H. If G = {g; }ier is
a dual sequence that is a Bessel sequence, then G is a frame, and furthermore,

(2.5) VfeH, f =Y (fa)fi= > (ffi)i

il il
Proor. Let A, B be frame bounds for F. Given f € H, the first equality in
(2.5) is the definition of dual sequence. Consequently,

I = (2 = (izl<f,gi> (fnf))Q < (;Kﬁéi)?) (i21|<fi,f>|2)
< (;uﬁgw)wn?

Rearranging, we see that this implies that G has a lower frame bound of %. Since
we already know that it has an upper frame bound, we conclude that G is a frame.

To show the second equality in (2.5), fix any f € H. Since G is a frame and
{{f, fi)Yier € £2, the series g = S (f, fi) §i converges unconditionally to some
element of H. However, for any h € H we have

(hf) = (3 hgd fou £) = So(0G) (e f) = (b AL LG) = (hog)

so f=g. O

Lemma 2.4. Let F = {f;}icr be an exact sequence in o Hilbert space H, and let
F = {fi}ier be its biorthogonal sequence.
(a) If F is Bessel with Bessel bound B and Fis complete, then F possesses
a lower frame bound of %. Furthermore, F is exact and is norm-bounded
below.

(b) If F possesses a lower frame bound A, then F is Bessel with Bessel
bound %. Furthermore, F is norm-bounded above.
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PROOF. (a) We must show that % || f[|2 < 3" |(f, fi)|? forall f € H. IS |(f, fi)|?
is infinite then this is trivial, so assume 3 |(f, f;)|> < co. Since F is Bessel, the
series g = > (f, fz> fi converges uncondltlonally in H. By biorthogonality, we
have (g, ﬁ> = {f, f1> for all ¢ € I, and since F is complete, this implies g = f.
Consequently, by Cauchy—Schwarz and the fact that F is Bessel, we have

11 = (;U’,fn <fz-,f>)2 < (ZI| A )(ZI| £ £l )
< (Siwar) i

iel
Rearranging therefore gives the desired inequality. Finally, by biorthogonality and
the fact that F is Bessel, we have for each j € I that 1 =, [(f;, fi)|* < B||f;]?%
so F is norm-bounded below.

(b) Let ¢ = {c;i}ier € ?(I) be given. If F is a finite subset of I, then by
definition of lower frame bound and by biorthogonality,

2 2
A Zczﬁ < Z <Zcifia fj> = Z|Ci|2-

i€l JeI i€l i€l

(2.6)

Consequently, Dc = >,/ ¢ f; converges unconditionally for each ¢ € ¢2 (I), and
the estimate in (2.6) extends to hold with I in place of F'. Hence the synthesis
operator D: (*(I) — H is bounded with ||[D||> < %. Therefore the analysis
operator C' = D*: H — (*(I) also satisfies HCH2 < L. Since Cf = {{f, fi) }ier,

we see that F is Bessel with Bessel bound 1 %> and hence is bounded above in
norm. (I
2.4. Examples in L?[—1, 1]. We give now some basic results and illustrative
examples of sequences of windowed exponentials on the domain Q = [f%, %]
Lemma 2.5. Given g € LQ[—ﬁ, 5] and A = Z, the following statements hold.
(a) €(g,Z) is a Bessel sequence in LQ[—§ 1] with Bessel bound B > 0 if and
only if g € L>®[—1,1] with |g(z)]*> < B a.e. In this case the optimal

Bessel bound is B = ||g||2.
(b) E(g,Z) is a frame for L?|—%, ] with frame bounds A, B > 0 if and only

if A<lg(z)|*> > B a.e.
(c) E(g,Z) is complete in L?[—1, 1] zf and only zf g(x) #0 a.e.
(d) £(g,Z) is minimal in L*[—3,

case, £(g,Z) is exact.
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(e) E(g,Z) is a frame with frame bounds A, B > 0 if and only if A < |g(z)]? <
B a.e. In this case the frame is a Riesz basis.

PROOF. (a) Assume that (g, Z) is Bessel. Then for f € L>[—1 1] we have that

I£all3 = D1 )P = D>, Mag)® < BIfI3,

neZ neZ

the first equality following from the fact that {e?™"*}, c7 forms an orthonormal
basis for L?[—1, 1]. Rearranging, we see that fiﬁQ |f(2)|> (B — |g(z)]?) dz > 0.
If we had |g(z)|?> > B on some set S of positive measure, then taking f = Xg

would yield a contradiction. Hence |g(z)|? < B a.e. The converse is similar.
(b), (¢), (e) These proofs are similar to the proof of statement (a).

(d) If 1/g € L*[~1, 1], then & = £(1/g, Z) = {*>™"* /g(2)}nez is biorthogonal
to £(g,7Z).

Conversely, suppose that there exists some biorthogonal system & = {g, }nez
to £(g,Z). Then for each m € Z we have

Omn = <§maMng> = (gmg)/\(n)

Since §mg € Ll[—%, %] and Fourier coefficients of L' functions are unique, we

conclude that g, (z)g(z) = e*™™ ae. Consequently, we have that 1/g(z) =

go(z) € L?[-1,1]. O

It is interesting to note that there is no known example of a set of non-windowed
exponentials &(X_1 1), A) = {e*™**}\ea which forms a Schauder basis but not a

Riesz basis for LQ[—%, %], and no proof that such a system cannot exist. However,
we see in the next example that there do exist windowed exponentials which form
a Schauder basis but not a Riesz basis. In this example we have A = Z, so

D*(A) =1=Q].

Example 2.6. Fix 0 < o < 3. Then g(z) = |z|* and §(z) = |z[~* both belong to
L?[-1,1]. Therefore (g, Z) = {*™™*|z|*},cz and £(§,Z) = {e2™"*|z|" "}, ez
11

are biorthogonal systems in L?[ ] and hence are minimal. It is a deeper result,

due to Babenko [2], that these syQSteQms are actually Schauder bases for L?[—1, 1]
(see also the discussion in [30, pp. 351-354]). Since these systems are obtained
by taking the orthonormal basis {€2>7"*}, 7 and performing an operation that
is not a continuous bijection (i.e., multiplying by the function |z|* which has a
zero or by the unbounded function |z|~%), they are not Riesz bases. On the other

hand, these systems do possess one but not both frame bounds. Specifically,
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{e?mine|p|aY, <z is a Bessel sequence while {€2™"®|x|~*}, 7 possesses a lower
frame bound.

The following is an example of an exact system of windowed exponentials in

L?[—1, 1] which is not a Schauder basis. In this example we have A = Z\{0}, so
DE(A) =1=19|.
Example 2.7. Set g(z) = z, and note that 1/g(z) = 1/z ¢ L*[-1,1]. We will
show that £(g, Z\{0}) = {ze* "%}, o is an exact system in L?[—1, 1] that is not
a Schauder basis. Since A # Z in this example, we cannot appeal to Lemma 2.5
to show these facts.

To show completeness, suppose f € L2[—1, 1] is such that (f(x), ze?™™*) =0
for all n # 0. Then the function zf(z) € L'[—31, 1] satisfies (zf(z), e2™"*) = 0
for n # 0. Since Fourier coefficients of L!-functions are unique, we conclude that
xf(z) = c a.e., where ¢ is a constant. If ¢ # 0 then we have f(z) = c¢/z ¢
LQ[f%, %], which is a contradiction. Therefore ¢ = 0, and hence f = 0 a.e. Thus
E(g,7Z\{0}) is complete.

Now define g, (z) = % for n # 0. Note that

1
IGal2 = 8(=1)" — 8+87rn/2 Sm?%dm < oo,
0
$0 gn € L?[—1,1]. Further, for m, n # 0,
<3§€2mmx,§n($)> — <627rimx7627rin:c - 1> — 5mn'

Therefore £ = {§n}nxo is biorthogonal to &(g,Z\{0}), and thus each of these
sequences are minimal in L?[—1, 1]. In particular, £(g, Z\{0}) is exact.

Now, if £(g, Z\{0}) was a Schauder basis, then it would be a bounded basis, and

1
hence its dual basis would also be a bounded basis. But since f02 S”’Q% dr — 3
as n — 00, we see that ||g,|2 is not uniformly bounded above in norm. Therefore,

while £(g,Z\{0}) is exact, it is not a Schauder basis.

Let us make some remarks concering the preceding example. Consider the
following question. Let F' be a finite subset of Z. If we remove elements corre-
sponding to F' from the orthonormal basis {27}, .7, will there always exist a
function g such that (g, Z\F) = {e?""*},cz is complete? Example 2.7 shows
that if ' = {0}, then the answer is yes, with g(z) = z. In their classic paper on
multiplicative completion, Boas and Pollard showed that the answer is yes for for
finite subset F' [4]. There are a surprising number of equivalent reformulations
and interesting related results, for which we refer to the paper by Kazarian and
Zink [20] and the references contained therein.
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Expanding on the preceding paragraph, completeness is of course quite a dif-
ferent issue than being a basis. The fact remarked on in Example 2.7 that
&E(g,Z\{0}) is not a Schauder basis for L?[—1, 1] is just a special case of the more
general results proved by Kazarian in [18], [19]. In particular, it is shown there
that if ' C Z is finite and nonempty, then (g, Z\F) can never be a Schauder
basis for LP[—3, 1]

The preceding remarks concern questions regarding systems £(g, A) that are

for any g.

derived in some way from an orthonormal basis. The main thrust of this paper

is different; we are concerned with systems where A is not required to have any

structure whatsoever. In particular, A need not be a subset of a lattice.
Following are a few further remarks concerning Example 2.7.

Remark 2.8. (a) Example 2.7 can also be interpreted in terms of sampling from
derivatives. By taking the Fourier transform, the fact that £(g, Z\{0}) is exact
but not a Schauder basis implies that any function f € L?(R) that is bandlimited
to [—3, 1] (ie., supp(f) [—1,1]) is determined by the samples {f’(n)}n.0 of
its derivative, but f cannot be stably reconstructed from these values in general.

(b) Example 2.7 behaves similarly to the case of the Gabor system G(v, Z?) =
{e2™mer (2 —n)} ez in L2(R) generated by the Gaussian function v(z) = e~
By applying the Zak transform, it can be shown that G(v, Z?) is overcomplete by
a single element, meaning that one but not two elements can be removed and still
leave a complete set. Furthermore, G(, Z?\(0,0)) is exact but is not a Schauder

basis for L?(R)).

(¢) In Example 2.7, if we include the index n = 0 the system &£(z,Z) is still

not a frame for L*[—1,1], and surnllarly E(x — 1,Z) is not a frame, but the
two-generator system E(x,Z) U E(x — 5 Z) is a frame for LQ[—%, %], since

Z |<f(£l? 27mn:c |2 + Z | ) 27rznx>|2

nez neZ

B /_ (2% + (z = 5)°) [f (=) do,

and 22 + (z — 1)? is bounded both above and below.

(d) In Example 2.6, the dual basis of the system of windowed exponentials
E(g,7Z) was another system of windowed exponentials £(g,Z). However, in Ex-
ample 2.7, the system biorthogonal to £(g,Z\{0}) was not itself a system of
windowed exponentials. This is not a consequence of the fact that this second
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example is not a basis, but rather is due to the fact that the index set Z\{0} is
not a lattice.

In the following example, we see a system A which contains subsets that are
lattices, but which is not itself a lattice. In particular, A is not uniformly sepa-
rated.

Example 2.9. This example is a special case of the results in [32]. Let A; =
52, Ay = 5-7Z\ {0}, and Az = {0}, where o) =

o ﬁﬂ) and g9 = 2(T\/%f2)
Note that the two lattices TLZ and %Z intersect only at 0, so A; and Ay are
disjoint. Further, A = A; U Ay U A3 (disjoint union, preserving the repetition of
the point 0) is not uniformly separated, but does have uniform Beurling density
D*(A) =201 + 209 = 1 = |Q|. Tt is shown in [32] that

5 = g(X[ 1 1],A1) U E(X[_l

2032 2

— {eﬂ'inx/a1}n¢0 U {eﬂ-inl/UZ}n;&O U {1795}

%],Ag) U 5(.’)&‘)([_1 %];A3)

2

has the following properties.

(a) & is exact, is Bessel but not a frame, and is not a Schauder basis for
27_1 1
L [_5’ 5]'
(b) The biorthogonal system of £ is exact, is unbounded above in norm, and
is not Bessel but does possess a lower frame bound.
(¢) Although not a Schauder basis, £ does satisfy the somewhat more general

definition of a basis with braces, or a Riesz basis from subspaces.

2.5. Existence of Frames and Riesz sequences in L?({2). The so-called Spec-
tral Set or Fuglede Conjecture is that given Q@ C R, there exists a sequence
A C R? such that £(Xq,A) is an orthonormal basis for L2(Q) if and only if
Q tiles RY (with overlaps of measure zero) under a set of translations. This
conjecture has recently been shown to be false for d > 4 (but is open in lower
dimensions), see [31], [21], [26].

In contrast, we show in the following lemma that, as long as the boundary
of € has measure zero, it is always possible to construct a system of windowed
exponentials with finitely many generators that forms an orthonormal sequence or
a tight frame for L?(Q), and furthermore the density of the corresponding index
set lies within e of the Lebesgue measure of 2.

Lemma 2.10. Let Q be a bounded subset of R such that |0Q| =0, and let € > 0
be given.
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(a) There exist functions g1,...,gm € L?(Q) and lattices Ay, ..., Ay such
that Usz:l E(gr, Ax) is an orthonormal sequence in L*(Q), and further-
more | —e < DE(A) < |Q|, where A = Jir, Ag.

(b) There exist functions hy,...,hn € L?(Q) and lattices T1,...,I'ny such
that U,]j:lé’(hk,l"k) is a Parseval frame for L*(Q), and furthermore,
Q] < DE(D) < |Q| + &, where T = {Jp_, T

PROOF. (a) Since |09 = 0, we may assume that €2 is open, and therefore there
exist cubes Ryp,...,Rp C Q with disjoint interiors such that Qy = U,iwzl Ry,
satisfies |Q| — e < |Qo| < |Q. Set gr = |Ri| '/?Xg,. Since Ry is a cube, there
exists a lattice A, contained in R? such that £(gy, Ax) is an orthonormal basis
for L?(Ry,). Then Ukle E(gk, Ak) is an orthonormal basis for L?(£)y) and is an
orthonormal sequence in L?(£2). Because the Ay, are lattices we have D¥(Ay) =
|Re| and DE(URL, Ax) = S0L, DE(AR) = S0l | Rel = 9.

(b) Since |09 = 0, we may assume that € is open, and therefore there exist
cubes 51, ..., Sy with disjoint interiors such that € = U;ivzl Sk contains 2 and
satisfies |Q] < || < |Q| +&. Set fr = |Sk|7'/?Xs,. Then there exist lattices
I'y, such that Ugﬂ E(fx,Tk) is an orthonormal basis for L?(€;). The mapping
f — fXgq is an orthogonal projection of L%(£2;) onto L?(f2), and the image of
an orthonormal basis under an orthogonal projection is a tight frame. Therefore,
if we set hy, = fyXa then i, E(hg,Tk) is a tight frame for L2(2), and by
rescaling by an appropriate constant we can make it a Parseval frame. Further,
DE(ULL, Tr) = Xty DE(T) = 4L, 1Skl = (], 0

2.6. Amalgam Space Properties of the Fourier Transform. Special cases
of amalgam spaces were first introduced by Wiener, and subsequently many other
special cases were introduced in the literature. A comprehensive general theory of
amalgam spaces was introduced and extensively studied by Feichtinger, e.g., see
[9], [10], [11]. For an expository introduction to Wiener amalgams with extensive
references to the original literature, we refer to [17].

For our purposes, we will require only the following special case of Wiener
amalgams.

Definition 2.11. Given 1 < p, ¢ < oo, and a > 0, the Wiener amalgam
W (LP,£%) consists of all functions F on R? for which

1/q
[ Ellw (L ey = <Z |F'XQa(ak)||g) < oo,
keZd

with the usual adjustment if ¢ = oc.
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W (LP, £9) is a Banach space, and its definition is independent of the value of «
in the sense that each choice of « yields the same vector space under an equivalent
norm. The space

W(C,¢?) = {F € W(L*,¢%) : F is continuous}
is a closed subspace of W (L, ¢9). Note that we have the inclusion
LP(RY) = W(LP,P) ¢ W(L', ¢P),

and furthermore by [12, Thm. 7.1(b)] (compare [17, Thm. 11.8.3]) we have the
following convolution relations:

(2.7) LP(RY) « W (L™, 0Y) ¢ W(L' P) « W(L>, (")
C WL« L™, P x 1) C W(L>,¢P),
and
(2.8) LYRY) « W(L>,P) = W(L, £") « W(L>, P)
C WL« L™, ' % £P) C W(L>,(P),
with corresponding norm inequalities
[F* Gllw ey < CIEplGllwze,my
CIFIL IGlw (L= ey

where C' is a constant independent of F' and G.

<
[F* Gllw (o er) <

We now derive some amalgam space properties of the Fourier transforms of
compactly supported functions.

Proposition 2.12. Let Q be a bounded subset of R, and let 1 < p < 2 be given.
Then for f € L*(Q) we have
feLP(RY) = few(C, ).
In particular, f € W(C,(2) for every f € L2(Q), and we have the norm estimate
Iflwe.e = Iflwwee < Clfle = Clfll.

PROOF. Let ¢ be any compactly supported function such that ¢(x) = 1 for
r € Qand ¢ € W(C,¢'). Suppose f € L?(Q) is such that f € LP(R?). Then
f = fo, s0by (2.7) we have f = fx @ € LP(RY) « W(L>, (1) C W(L>,P),
with a corresponding norm estimate. Since f € L!(Q), we also have that f is

continuous, and therefore f € W (C, £?). O

As a corollary, we obtain a sufficient condition for £(g,A) to be a Bessel se-
quence.
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Corollary 2.13. Let Q C R? be bounded. If g € L>(R%) and A C R are such
that

(a) g € LY(RY), and

(b) DT(A) < o0,
then E(g, A) is a Bessel sequence in L*(12).

PROOF. Since Dt (A) < oo, we can write A = Uszl Ay where each Ay is 0p-
uniformly separated for some d; > 0. Let 6 = min{d1/2,...,dx5/2}. Then any
cube with side lengths ¢ can contain at most one element of any Ay, and each
element of Ay, lies in some cube of the form Qs(nd) with n € Z<. Given f € L%(Q)
we have (f§)" = fxj e W(L>®,£2)«L'(RY) € W(L>,¢2) by (2.8). Consequently,

DUAMP =D > 1) NP

AEA k=1 A€Ay
N

IN

sup | (f9)"(€)]?

k=1 nEZd EGQJ (6”’)
= NI v .

= NI *3ll3y poe o2

IN

CIN Iy ) 18IT < C2N (131 I3,

so £(g,A) is Bessel with Bessel bound CyN [|g||3. O

3. DENSITY OF WINDOWED EXPONENTIALS

We now develop our main results on the density of systems of windowed expo-
nentials, and on the relationships between density and frame bounds for frames
of windowed exponentials.

3.1. Upper Density Estimates. Olson and Zalik proved in [27] that a neces-
sary condition for a system {g(z — a)}qer of pure translates to be a Schauder
basis for LP(R) is that I’ be uniformly separated. We prove an analogous result
for Schauder basic sequences of windowed exponentials. For this result, no Hilbert
space structure is needed; instead the essential ingredient is the continuity prop-
erties of modulation. For example, the spaces LP(2) satisfy the hypotheses of the
following lemma. The isometry hypothesis can be weakened further so that more
function spaces are included; we omit the details. Although an exact sequence
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need not be uniformly separated (compare Example 2.9), we do not know if every
minimal sequence of windowed exponentials must have finite density.

Lemma 3.1. Let X be any Banach space of complex-valued functions defined on
R? such that:

(a) modulation is an isometry on X, i.e., |Maf| = ||f| for oll f € X and
B e R, and

(b) modulation is strongly continuous, i.e., limg_ ||Mgf — f|| = 0 for all
fexX.

Let g € X and A C R be such that (g, \) is a Schauder basic sequence in X .
Then A is uniformly separated, i.e., 0 = infyzuen [N — p| > 0. In particular,
DT(A) < oo.

PROOF. By hypothesis, £(g,A) is a Schauder basis for its closed span Y =
span(€(g, A)) within X. Therefore there exists an ordering £(g, A) = {M, g}nen
and a biorthogonal system € = {§, }nen C Y* such that
[ = Z<f7§k>M)\kg) Jey.
k=1
Let Sy : Y — Y be the partial sum operators Sy (f) = Z,]cvzl (fygrx) My, g9, f €Y.
Fix ¢ > 0. Since modulation is strongly continuous, there exists a constant
h > 0 such that ||[Mgg — g|| < € whenever |3| < h. Suppose that A was not
uniformly separated. Then there exist m < n such that |\, — A\,| < h, and,
consequently, if we set
fmn = My, g— My,g,
then we have || fm.n| < e. Since £(g, A) and € are biorthogonal,
S(fmmn) = Z<M)\mgvgk>MAkg - Z<M,\n97§k>MAk9 = My,.9,
k=1 k=1
and hence ||Sy (fm,n)|l = |lg|l- But then

1Smll = sup [|Sm(f) > 1Sm (fmn)ll - Nlgll

I£l=1 [l fmnll 2
Since ¢ is arbitrary, this contradicts the fact that £(g, A) has a finite basis constant
K =supy ||Sn]|- O

We show next that any nontrivial Bessel sequence £(g, A) in L?(€) must have
finite upper density. While this does not imply that A is uniformly separated, it
does imply that A must be the union of at most finitely many separated sequences.
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Lemma 3.2. Let Q be a bounded subset of R%. If g € L%(Q) \ {0} and A C R
are such that £(g, A) is a Bessel sequence in L*(2), then DT (A) < oo.

PROOF. Assume that DT (A) = co. Choose any f € L?(Q2) with | f||2 = 1. Then
fg e LY(Q) c LY(RY), so (fg)" is continuous on RY. Since (fg)" is not the zero
function, it must be bounded away from zero on some cube Q;5(7), i.e., there exist
some v € R? and § > 0 such that
m = inf 9)"(w)| > 0.
Lnt (79" )
Now choose any N > 0. Since D*(A) = oo, there exists some cube Q;(£) which
contains at least N elements of A. Set h = Me_f. If A € Q5(§), then A\—E+v €

Qs(7), so

STUB Mg = > (Mo f, Mag)|?
AEA AEANQs(E)
= > [ Maeg)l
AEANQs(E)
= > U A=+ = Nm®.
AEANQs (€)

Since ||h]l2 = ||fll2 = 1 and N is arbitrary, it follows that £(g, A) cannot possess
an upper frame bound. O

Lemmas 3.1 and 3.2 extend immediately to the case of finitely many generators.
For example, if Uszl E(gr, Ar) is a Bessel sequence then each individual system
E(gr, M) is itself a Bessel sequence and therefore each A must have finite density
by Lemma 3.2.

3.2. Definition and Basic Properties of the HAP. Ramanathan and Ste-
ger [28] proved (with some restrictions) that for Gabor frames in L%(R?), the
frame expansions in (2.4) have a certain kind of uniformity of convergence with
respect to translations and modulations. This property is called the Homogeneous
Approximation Property (HAP), and it is a key property in deriving density re-
sults for Gabor frames.

A version of the HAP (with restrictions on the generators) for frames of trans-
lates of band-limited functions was proved by Gréchenig and Razafinjatovo in [15].
By applying the Fourier transform, this yields a HAP for frames of windowed ex-
ponentials. We will show in Section 3.3 that any frame of windowed exponentials,
without restrictions, possesses a strong version of the HAP with respect to its
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canonical dual frame, and furthermore possesses a weak HAP with respect to any
dual frame. We further show in Section 3.4 that a Schauder basis of windowed
exponentials possesses a weak version of the HAP if the generating function satis-
fies some extra conditions, or if at least a lower frame condition is satisfied. Thus,
we do not only recover the results of [15], but we extend the impact of the HAP
to new settings. Further, in comparison to the results of Ramanathan and Steger
(which applied to Gabor frames rather than systems of windowed exponentials),
even considering only the case of the HAP for the canonical dual frame, our re-
sults apply far more generally—we do not need to assume that the index set has
positive and finite density, we are not restricted to one dimension or to a single
generator, and we avoid the considerable technicality of their approach (which
relied on weak convergence of sequences).

Recall that, in general, if £(g,A) is a Schauder basis or a frame for L2(),
then the dual basis or dual frame will be some set of functions £ = {gx}aea from
L?(), but it need not itself form a set of windowed exponentials. The same
remarks apply to the case of systems with multiple generators.

Definition 3.3 (HAP). Let Q be a bounded subset of R%. Let g1, ...,gx € L%(Q)
and Aq,...,Ax C RY be such that & = U,ivzlg(gk,Ak) = Uivzl{MAgk}AeAk is
a frame or an exact sequence for L2(Q). Let £ = UkN:1{§A,k}A€Ak be either any

dual sequence (if € is a frame) or the biorthogonal system in L?(€2) (if £ is exact).
For h > 0 and a € RY, set

(3.1) W(h,a) = Spﬁ{g)\,k:)\el\kﬂQh(a), kZl,...,N}.

(a) We say that £ possesses the Weak Homogeneous Approzimation Property
(Weak HAP) with respect to € if for each f € L?(Q),
Ve>0, IR=Rw(f,e)>0 suchthat YaecRY

(3:2) dist(M, f, W(R,a)) < e.

(b) We say that £ possesses the Strong Homogeneous Approximation Property
(Strong HAP) with respect to £ if for each f € L*(Q),

Ve>0, IR=Rs(fe)>0 suchthat Yae R,

(3.3) -

N
HMaf—Z ST (Maf, Magi) dan

k=1 XeALNQRr(a)

2

We refer to Ry (f,€) or Rs(f,e) as associated radius functions.
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Remark 3.4. (a) We will simply write that “£ satisfies the Weak HAP” if &
satisfies the Weak HAP with respect to its canonical dual frame (if £ is a frame)
or its biorthogonal sequence (if £ is exact), and similarly for the Strong HAP.

(b) Note that in Definition 3.3, if Uévzl E(gr, Ak) is a frame or Schauder basis for
L?(£2), then each subsequence &(gx, Ax) is either a Bessel sequence or a Schauder
basis for its closed span in L?(Q2). Lemmas 3.1 or 3.2 therefore imply that each
Ay, has finite density. Consequently, each Ay N Qp () is a finite set, and therefore
each W (h, ) is finite-dimensional in this case.

Lemma 3.5. Using the same notation as Definition 3.3, the following statements
hold.

(a) The Strong HAP implies the Weak HAP.
(b) If £ is a Riesz basis, then the Weak HAP implies the Strong HAP.

PROOF. (a) The function Zivzl D AeALNQR(
the space W(R, «), so

(Mo f, Mxgk) Gak is one element of

a)

N
dist (Mo f, W(R, @) < ‘Maf—z > (Maf, Mige) Gak
k=1XeArNQR ()

2
Therefore the Strong HAP implies the Weak HAP.

(b) Assume that £ is a Riesz basis that satisfies the Weak HAP. Then the
biorthogonal system & is also a Riesz basis, and if A, B are frame bounds for &,

then %, % are frame bounds for £, so

1 N
B Z Z laxk? <

k=1 €Ay

N
Z Z axk Gk

k=1XeA

2 1 N
, s 7 Z Z |ax k|?
k=1 XEA

1

for any square-summable sequence of scalars (ax ), cf. [33, p. 27]. Fix any € > 0
and f € L*(Q). Define Rs(f,e) = Rw(f,eA/B), and call this quantity R. Then
there are scalars ¢y x(«) such that

cA

N
Va e R, HMaf — Z Z ex k() gak T

k=1 AeALNQR(a)

2
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Since Mo f = Y11 Ssen, (Maf, Magk) Ga, it follows that

2

N
HMafZ S (Maf Magi) dai

k=1 XeANQR ()

N
Z Z (Mo f, Mxgk) Gxk

k=1 XeAL\Qr(c)

2

2

2

N

1 2

S 7 Z Z |(Ma f, Mxgr)|
k=1 XeA\QRr(a)
| /X
2
<2(X X s
k=1 XeAr\QRr(c)
N
+> Y [(Maf, Magy) — C/\,k(a)|2)
k=1 AEAkﬂQR(Q)

BIX

<7 S0 (Maf, Magk) Gk
k=1 XeA\Qr()
N 2
+ Z Z (Mo f, Mxgk) — ex k(@) Grk
k=1 AeALNQRr(a) 2

B al 2

=7 HMaf oY ew@an]| < e
k=1 AeArNQr () 2
Therefore £ satisfies the Strong HAP. O

The next lemma shows that, assuming appropriate hypotheses, in order to
establish that the HAP holds, it suffices to check that the relevant condition
(equation (3.2) or (3.3)) holds for a complete subset of L*(£2).

Lemma 3.6. Let Q be a bounded subset of RY. Let g1,...,gn € L*(Q) and
A1,...,An C R? be such that & = Uszl Elgr, Ax) = ngl{M/\gk}AeAk 5 a
frame or an ezact sequence for L*(). Let €& = Uszl{gA7k}>\eAk be either any
dual sequence (if € is a frame) or the biorthogonal system in L*(Q) (if € is exact).
Then the following statements hold.

(a) Ho={f € L*(Q) : equation (3.2) holds} is a closed subspace of L*(Q2).
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(b) If we assume that £ is a frame and & is its canonical dual frame, then

Hy = {f € L*(Q) : equation (3.3) holds} is a closed subspace of L*(Q2).

PROOF. (a) Assume that fi, fo € Hp and a1, aa € C are given. Let h =
a1 f1 + azfa. Choose any € > 0, and set R; = Ry (fi, ﬁ) for ¢ = 1, 2. Define
Ry (h,e) = max{R1, R2}, and call this quantity R.

Choose any a € R For i = 1, 2 we have R; < R, so W(R;, o) C W(R, ).
Therefore, since (3.2) holds,

&
£ =12
2|a;]

dist(Mafi,W(R,a)) < dist(Mafi,W(Ri,a)) <

Let Py denote the orthogonal projection onto W (R, ). Then
dist(Mah, W(R,@)) = |(a1Mafi + asMaf2) = Pw (a1 Mo fi + a2 Mafo) |

< laa|[[Mafi — Pw(Mafi)l2 + |az| [[Maf2 — Pw (Maf2)]|2
= |ay| dist(Ma f1, W(R, ) + |az]| dist (Mg fo, W(R, a))
< larlg— + lasl5— =

"olaq| T 20ay]

Thus h € Hy, so Hy is a linear subspace of L?().

To show that H is closed, suppose that f lies in the closure of Hy. Choose any
e > 0. Then there exists h € Hy such that ||f — hl2 < €/3. Define Ry (f,¢) =
Rw (h,e/3), and denote this quantity by R. Then for any o € R?, we have

dist(Mq f, W(R, )
”Maf - PW(Maf)”?

< [Maof — Mahllz + [[Moh — Po (Mah)||2 + || Pw (Moh — Mo f)]]2
< |If = hll2 + dist(Moh, W(R, @) + | Mah — Mo f]|2

& & &
< zt+5+5 =€

3 3 3
Therefore f € Hy, so Hy is closed.

(b) Let A, B be frame bounds for £, so that %, % are frame bounds for €. Let
S denote the frame operator for £, so we have S™1(Mygx) = ga k-
Assume that fi, fo € H; and a1, az € C are given. Let h = a1 f1 + asfo.

Choose any € > 0, and set

cAL/2
Ri = R 12 ) | = 1a27
(5 o)
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and set R = Rg(h,e) = max{R1, Ra}.
Choose any o € R%. Fori = 1,2 we have R; < R, 50 A \Qr(a) C Ap\Qr, ().
Therefore, for i = 1, 2 we have

2

N
HMafi 72 Z <Mafi7M/\gk> g)\,k

k=1 XeArNQRr(x)

N
Z Z (Mo fi, Mxgk) gk

k=1 AEAK-\QR(OL)

2

2

2

N
1 2
ST HMafi Magy)
k=1 XeA,\Qr(a)
1 N
= A <Z Z (Ma fi, Mxgk) gak SMafi>
k=1 XA \Qr, ()
1 N
<7 Z Z (Mo fis Mxgr) Gk 2HSMafZ-||2
k=1 AeA,\Qr, (@)
1 e2A 22
< = B|Mafills = —.
A 1B ap 2 IMe il = g

Therefore,

N
HMahZ S (Mah, Myge) da

k=1 AEALNQR)

2

N
< la1| ’Mafl - Z Z (M f1, Mxgk) gr.k
k=1 XeALNQR(a) 2
N
+ |asz| ’Maf2 - Z Z (Mq f2, Mxgk) Gk
k=1 AeA,NQr(c) 2
€ J—
< |a1|2|a | +| 2|2|a |

Thus h € Hy, so Hy is a linear subspace of L%(12).

Next, to show that H; is closed, suppose that f lies in the closure of H;. Choose
any £ > 0. Then there exists h € H; such that || f — hl|2 < (¢AY/?)/(3B'/?). Set
Rs(f,e) = Rs(h,/3), and denote this quantity by R. Then for any a € R%, we
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have

N
‘Maf_z D (Maf, Magy) dak

k=1 AeArNQr(a) 2

N
< | Mof — Mah|2 + ‘ Moh =" Y (Mah, Magk) gak
k=1 XeALNQRr(a)

2

N
ST (Maf — Mah, Magi) g

k=1 AEA,NQR(a)

eAY? ¢ 1 S\ 2
<spr T3t (ZZ > UMaf = Mah, Magy)| >
k=1 AeALNQr ()

+

2

e € B\ 1/2
< -4 - — Muof — Myh ,
< SH+2+(F) 7 IMaf = Mahllz < &
where the second inequality follows from (2.3) and the third inequality from the
definition of frame. Therefore f € H;, so H; is closed. O

3.3. The HAP for Frames of Windowed Exponentials. Now we establish
that every frame of windowed exponentials satisfies the Strong HAP with respect
to its canonical dual frame and the Weak HAP with respect to any dual frame.

Theorem 3.7. Let Q be a bounded subset of RY. Let gy,...,gn € L*(Q) and
Aq,...,Ax C R? be given. Set A = U;ivzl Ak, and assume € = U;ivzl E(gr, Ax) is
a frame for L?(Q).
(a) If € = ngl{gA,k}AeAk is any dual frame, then £ satisfies the Weak HAP
with respect to £.
(b) If € = Uivzl{g,\,k},\ej\k is the canonical dual frame, then & satisfies the
Strong HAP with respect to &.

PROOF. (a) Let A, B be frame bounds for £, and let C, D be frame bounds for E.
By Lemma 3.2, we have DT (A) < oo, so by passing to subsequences if necessary
we may assume that each Ay is §i-uniformly separated for some dp > 0. Let
d = min{d1/2,...,dn/2}. Then any cube Qs(x) can contain at most one point of
each Ag.

By Lemma 3.6(a), it suffices to show that equation (3.2) holds for a com-
plete subset of L?(£2). We claim that (3.2) holds for the particular complete set
{M,X},ecrd, where X = Xq. For simplicity, we will show below only that (3.2)



24 CHRISTOPHER HEIL AND GITTA KUTYNIOK

holds for the particular function X = MyX, but entirely similar calculations show
that it holds for each function M, X.

Fix any ¢ > 0. By Proposition 2.12, we have each gr € W (C,¢?), so we can
find M € N large enough that

52

|§ﬁ, k=1

sup |9k (&) N.

jEZ'i\QM (0) fGQs(j(s)

Set R = Rs(X,e) = (2M + 1)4.
Fix any a € R?. The frame expansion of M,X is

gee ey

N
MoX = Z Z (MaX, Mxgr) Gx,k-
k=1 A€M

If A ¢ Qgr(a), then there exists a unique j € Z\ Qyr(0) such that A\—a € Q5(j6).
Therefore,

2

N
(3.4) HMQX - Z Z (MaX, Mxgk) gk
k=1 A€ALNQr(a)

2

2

N
Z Z (MaX, Mxgr) gk

k=1 XeA\Qr()

DY Y [MaX, Magy)l®

k=1 AeAx\Qr ()

N
=Dy Y lala—NP

k=1 AeA\Qr(c)

N
DY > sw [g(OF
k=1 j€Z9\Qp (0) £€Qs5(59)
< DN < _ e
DN ~
where the first inequality follows from (2.3). Therefore equation (3.2) holds for

the function X.

2

IN

IN

(b) The proof is identical, except we observe that the calculation in (3.4)
shows that equation (3.3) holds for the function X, and hence it follows from
Lemma 3.6(b) that the Strong HAP is satisfied. O
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3.4. The Weak HAP for Schauder Bases of Windowed Exponentials. In
this section we show that at least some Schauder bases of windowed exponentials
possess the Weak HAP.

Theorem 3.8. Let Q be a bounded subset of RY. Let gy,...,gn € L*(Q) and
Ai,...,Ax C R? be given. Set A = Uszl Ay, Let & = U,ivzlg(gk,Ak) be a
Schauder basis for L*(Q) and let € = U;ivzl{%,k}/\e/\k be its dual basis. If either:

(a) & possesses a lower frame bound, or

(b) gx € L'(R?) fork=1,...,N,
then & satisfies the Weak HAP (with respect to its dual basis).

PROOF. (a) Suppose that £ has a lower frame bound A. Then by Lemma 2.4,
the dual basis € is a Bessel sequence with Bessel bound D = 1/A. The proof then
proceeds almost identically to the proof of Theorem 3.7(a), so will be omitted.

(b) Since £ is a bounded basis, its dual basis £ is also a bounded basis. Hence
D = sup||grkll2 < co. We have DT(A) < oo by Lemma 3.1. Let § be as in
the proof of Theorem 3.7(a). In light of Lemma 3.6(a), we need only show that
equation (3.2) holds for each of the functions M, X with w € R?. For simplicity,
we present only the case w = 0.

Fix any € > 0. Since we have assumed g5 € L'(R?), it follows from Proposi-
tion 2.12 that g, € W(C, ¢'). Therefore, we can find M large enough that

g

| < 5% k=L...N

sup [ (£)
FEZA\Q s (0) £€Qs(79)

gee ey

Set R = Rw(X,¢e) = (2M + 1)0.
Fix now any a € R%. Since £ is a Schauder basis with dual basis £, and since
Ar N Qr(w) is a finite set, we can write

N
HMaX — Z Z (Mo X, Mxgr) gr.k
k=1 AeALNQR(a)

2

N
Z Z (MaX, Mxgk) gk

k=1 XeAr\Qr ()

)

2

with respect to some appropriate ordering of these series. If A ¢ Qr(«), then
there exists a unique j € Z?\ Qas(0) such that A — a € Qs(j6). Applying the
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Triangle Inequality, we therefore compute that

N
dist(MoX, W (R, o)) < HMax = > > (MaX, Mag) gak
k=1 AeArNQr(a)

N
Z Z (MaX, Mxgr) gk

k=1 XeAx\Qr()

2

2

(suplgnells) 3o D HMaX, Mage)]

k=1 e A\Qr(a)

DY S fala—N)

k=1 AeAr\QRr(a)

DY Y sup [gk(9)]

IN

IN

<
k=1 j€Za\Qn (0) £€Qs5(59)
g
DN—— = €.
< DN €

O

3.5. The Comparison Theorem. We saw in Theorem 3.7 that all frames of
windowed exponentials possess the Strong HAP, and gave in Theorem 3.8 some
sufficient conditions under which a Schauder basis will possess the Weak HAP. We
do not have sufficient conditions under which an exact sequence will possess either
HAP, but we show in this section that if a systems of windowed exponentials is
merely exact and satisfies the Weak HAP, then certain density conditions must be
satisfied in comparison to any other Schauder basic sequence of windowed expo-
nentials. This Comparison Theorem is directly inspired by the double-projection
idea of Ramanathan and Steger [28].

Theorem 3.9 (Comparison Theorem). Let ) be a bounded subset of RY. Assume
that

(a) g1,...,98 € L2() and Ay, ...,Ax C R? are such that

N
€ = | Elgr: Ar)
k=1

is either
(i) a frame, or
(ii) an exact sequence which possesses the Weak HAP,
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(b) ¢1,..., 00 € L2(Q) and Ay, ..., Ay C RE are such that

M

® = J & Ar)

k=1
is a Schauder basic sequence in L*(Q).
Set A = U;cv:1 A and A = U]szl Ay. Then
D= (A) < D™ (A) and ~ DY(A) < DT(A).

PROOF. Let £ = UkN:1{§A,k}A€Ak denote either the canonical dual frame of £
(if hypothesis (i) applies) or the sequence biorthogonal to £ (if hypothesis (ii)
applies). In either case, by hypothesis or by Theorem 3.7, £ possesses the Weak
HAP.

We are given that ® is a Schauder basis for its closed span within L?(Q). Let
& = UM {dy.k}ren, denote the dual basis within that closed span.

Let W(h, ) be as in (3.1), and set

V(h,B) = span{Madr : 0 € Ay N Qp(B), k=1,...,M}.

Note that V(h, 3) is finite-dimensional since A has finite density by Lemma 3.1.
Fix any € > 0. Applying the definition of the Weak HAP to the functions
f = ¢i, we see that there exists an R > 0 such that

(35)  VaeRY dist(Magy, W(R,0)) < %, k=1,...,M,

where
D = sup{HqB%kH iy € Ay, k= 1,...,M}.

Fix any h > 0 and 3 € R%. Let Py and Py denote the orthogonal projections
of L?(Q) onto V = V(h,3) and W = W (R + h, 3), respectively. Define T: V —
V by T = PyPw = PyPwPy. Note that T is self-adjoint and V is finite-
dimensional, so T" has a finite, real trace.

We will estimate the trace of T'. First note that every eigenvalue X of T satisfies
Al < IT) < ||1Pv|||Pwll = 1. Since the trace is the sum of the eigenvalues, this
provides us with an upper bound for the trace of T

(3.6) trace(T) < rank(T) < dim(W) = #(ANQr+r(B)).

For a lower estimate, note that {Mydr : @« € Ay N Qp(B), k =1,...,M} is a
basis for V. The dual basis in V is {Py ¢k : o € Ay N Qu(B), k=1,...,M}.
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Therefore

M
(3.7) trace(T) = > Y (T(Matr), Pyar)
k=1 aeArNQn(B)
M ~
Z Z <PW(MOt¢k)7 PV¢a,k>
k=1 aeArNQn(B)
M

=> > (<Ma¢k, Py o i)

k=1 acALNQL(B)

+ (P~ D)(Mabe). Prdas)).
However,
(38)  (Mabe, Prdar) = (Pr(Madn), das) = (Madh, das) = 1,

the last equality following from the biorthogonality of ® and ®. Additionally, if
a € Qp(B) then we have Qr(a) C Qr4n(6), so W(R,a) C W(R + h,3) and
therefore

(39)  K(Pw — 1)(Madr), Pvdar)| < [I(Pw — 1)(Mags)ll2 [|Py o ll
dist (Mo, W(R + h, ) || G ill2
dist (Mad)kv W(Ra OL)) D

IN

IN

%D:s.

Combining (3.7)—(3.9) yields the lower bound

IN

(3.10) trace(T) > > Y (1—2) = (L—e)#(ANQw(B)).

k=1 acALNQr(B)

Finally, combining the upper estimate (3.6) with the lower estimate (3.10), we
see that

VBERY, Vh>0, #(ANQr+r(B) = (1—e)#(ANQLA)),

and so

o = it g, TGP
#(ANQren(8)) (R+h)! !

< liminf inf = D™ (A).
= 1_¢ hioe perd (R+ h)d hd 1—¢ ()
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Since ¢ is arbitrary, we conclude that D~ (A) < D~(A). A similar calculation
shows that DT(A) < DT(A). O

3.6. Density and Bounds for Frames of Windowed Exponentials. Com-
bining our previous results on the HAP and the Comparison Theorem, we obtain
the following necessary density conditions.

Theorem 3.10. Let Q be a bounded subset of R? such that |0 = 0. Let
g1, 98 € L2\ {0} and Ay,...,Ax C R? be given. Set & = Uivzl E(gr, Ak)
and A = U,ivzl Ag.

(a) If € is a frame for L?(Q2), then |Q| < D~(A) < DY(A) < oo.

(b) If € is a Riesz sequence in L*(), then 0 < D~(A) < DFT(A) < |Q).

(c) If € is a Riesz basis for L*(Q), then D=(A) = DT (A) = |Q].

PROOF. (a) Suppose & is a frame for L?(Q). By Theorem 3.7, we know that
& possesses the Strong HAP, and furthermore D*(A) < oo by Lemma 3.2. By
Lemma 2.10(a), given ¢ > 0 we know there exist functions ¢1,..., ¢y € L%(Q)
and Ay, ..., Ay C R?%such that ® = U,I:[:l E(dr, Ak) is an orthonormal sequence
in L?(Q), and furthermore, |Q —¢ < D*(A) < |Q, where A = [J,', Ax. Apply-
ing Theorem 3.9 to £ and @, we conclude that |Q] —e < D~ (A) < D~ (A). Since
€ is arbitrary, the result follows.

(b) Suppose that & is a Riesz sequence in L?*(Q2). By Lemma 2.10(b), given
€ > 0 there exist functions ¢1,...,¢n € L%(Q) and Aq,..., Ay C R? such that
® = Ui, E(or, Ay) is a frame for L2(2), and furthermore, || < DE(A) <
|| + &, where A = Ui\il Ag. Since ® possesses the Strong HAP, by applying
Theorem 3.9 to ® and &, we conclude that DT (A) < DF(A) <|Q|+e¢. Since ¢ is
arbitrary, the result follows.

(c) Every Riesz basis is both a frame and a Riesz sequence, so the result follows
by combining statements (a) and (b). O

We now derive new relationships between the density, frame bounds, and norms
of the generators of a frame of windowed exponentials. In this result, the fact
that the elements Mgy of UkN:1 E(gr, Ar) can have different norms requires us
to define a generalization of Beurling density where the norm of the element
associated to each point is taken into account.

Definition 3.11. Let © be a bounded subset of R¢. Then given gi,...,gn €
L?(Q) and Ayq,...,Ax C R? we define the weighted lower Beurling density with
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respect to g1,...,gn and Aq,..., AN to be
Dy (g1, gni Aty AN)

N -1 N 2

1 2\ e e k=t (A 0 Qn(B)) llgkll3

= E liminf inf .
(N — Hgk”2> s ﬁlean

hd
We also make an analogous definition of D;rv(gl, v gNy AL, AN).
Obviously, if |g1]la = - - - = [lgn||2, then D (g1, ..., gn; Aty ..., An) = DE(A),

where A = Jp_, Ag.

Theorem 3.12. Let Q be a bounded subset of RY. Let g1,...,g5 € L%(Q) and

Ai,...,Axy C R? be such that £ = Uszl E(gr, Ak) is a frame for L?(Q) with

frame bounds A, B. Define A = U;cv:1 Ay. Then the following statements hold.
(a) We have

N
_ 1
AlQ] < Dylgr - gniha . Av) 5 > lloell3
=1
1 N
< Dif(gnooviAn . AN) = llgxll3 < Bl
k=1

(b) Fllgrllz =--- = llgnll3 = Ne, then
AlQ] < D™ (A)Ng < DT (A)Ng < B|9Q.

(e) If|l1ll3 ="+ = llgnlI3 = Ne and € is tight (A = B), then A has uniform
Beurling density
A|Q
D*(A) = :
() Ne

PROOF. (a) For ¢ € RY, consider the function fe¢(x) = MeXq(z) = €2™¢% Xq(z).
By definition of frame,
N

(3.11) Alfel3 < Z > fe, Magi)l* < Bllfel3-

k=1 A€Ay

Using the facts that || f¢||3 = || and (fe, Magx) = g (€ — N), if we integrate (3.11)
over a cube Qp(x) we obtain

AlQ[p? < Z Z/ o g€ = N?de < B|QIR?,  zeRY h>0.
k=1 AEAg Qn(=



DENSITY OF WINDOWED EXPONENTIALS 31

Choose any € > 0 and fix » > 0 large enough that

/ lak(6)? d¢ < e, k=1,...,N.
RIN\Q-(0)

Since DT (A) < oo, as in the discussion following Definition 2.1, we can find a
constant K such that for all z € R? and all h large enough we have both

#(ANQn(z)) < Kht
and
#(AN Qnrr(2) \ Qn-r(2)) < K ((h+1)" = (h—1)?).
We now make the decomposition
Z > / k(€= N2 de = Ii(z, h) — Iy(z, h) + I3(z, h) + Ly(x, h),
k=1eA, / Qn(@)
where

I(z,h) = Z > / k(€=M de,

E=1AeArNQn—r(

N
Bew =3 3 . / o N

k=1 XeArNQp—

Leh) =Y 3 /Q GRS

k=1 XeAkNQntr(2)\Qr—r(z)

han =Y % / G(E — N2 de.

k=1 AR\ Qnr (2) @1 (@)
We estimate each of these in turn. First,
N N
=3 D alE = D llgwlls #(Ak N Qu—r(2)).
k=1 AEALNQp—(x) k=1

Trivially, —I>(z, h) < 0 always.
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Every frame is bounded above in norm. In particular, ||[Mygx||3 < B for all
A€ A, k=1,...,N. Therefore, for h large enough,

A

DESY > 3813 < B#(ANQnir(2) \ Qnr(2))

k=1 AEALNQr s (2)\Qn—r (z)

IN

K ((h+7)*=(h—7)").

To estimate I4(z,h), note that if A ¢ Qpir(z) and & € Qp(z) then £ — X €
Qn(z—)) C R4\ Q,(0). Furthermore, each cube in {Qx(x — A)}rea can intersect
at most K h? of the others. Therefore, for h large enough,

N

Ly(z, h) g / (€)]? d¢
Qn(z— >\)

k=1 AeAy \Qh+r(w)

ZKhd/ Gk(E)[2d¢ < NEKhe.
k=

RI\Q-(0)

IN

Combining the above estimates, we see that

AlQIhY < I(2,h) + 04 I3(z, h) + Iy(z, h)

N
(3 tonl #4001 Qo (0)
k=1

+ BK ((h+71)* = (h—1)%) + NKh'.

IN

Therefore

AlQ|hd
AlQ| = liminf inf (217
h—oo zeRd hd

liminf inf <Z| kH2 i AkﬂQh r(z )) (hr)d> +

IN

h—o0 x€ )d hd
lim su ( K ((h+r)? *(hfr)d) N NKth)
h%oop hd hd
LN
= D;V(gla---agNQAla---aAN)N;Hng% + 0 + NKe.

Since ¢ is arbitrary, we conclude that

N
_ 1



DENSITY OF WINDOWED EXPONENTIALS 33

and a similar calculation gives the upper estimate.

(b), (c) These are immediate consequences of part (a). O
For the case of a single generator, we obtain the following corollary.

Corollary 3.13. Let Q be a bounded subset of RY. Let g € L?(Q) and A C RY
be such that E(g,\) is a frame for L?(Q) with frame bounds A, B. Then the

following statements hold.

(a) AJQ] < D=(A)]lgl3 < D*(A)[lgll3 < BIQ.

(b) If E(g,A) is tight (A = B), then A has uniform Beurling density
D*(A) = M.
9113

3.7. Density for Schauder Bases and Exact Systems of Windowed Ex-
ponentials. We now derive necessary conditions for the existence of Schauder
bases and exact systems of windowed exponentials, but these are weaker than the
results we obtained for frames. Sufficient conditions under which a Schauder basis
of windowed exponentials will possess the Weak HAP were given in Theorem 3.7,
but we do not have sufficient conditions for when an exact system will possess
either the Weak HAP. However, if it is the case that the Weak HAP is satisfied,
then we can prove the following necessary conditions.

Theorem 3.14. Let Q be a bounded subset of RY such that |09 = 0. Let
g1, gy € L2(Q) and Ay,..., Ay C R be given, and set £ = U,]CV:1 E(gr, Ak)
N
and A = U,_; Ak
(a) If € is an exact sequence in L*(§)) which possesses the Weak HAP, then
Q] < D7(A) < DF(A) < oo
(b) If € is a Schauder basic sequence in L*(Q), then
0 < D™ (A) < DF(A) < Q.
(c) If € is a Schauder basis for L*(Q) which possesses the Weak HAP, then
D™(A) = DT(A) = ||
PROOF. (a) Suppose that £ is an exact sequence which possesses the Weak HAP.
Then by Lemma 2.10, given ¢ > 0 there exist functions ¢1,..., ¢y € L2(Q2) and
A1, ..., Ay C R? such that & = Ukle E(pr, Ak) is an orthonormal sequence in
L?(9), and furthermore, Q| — ¢ < D*(A) < |Q|, where A = inzl Ayg. Applying
Theorem 3.9 to £ and ®, we conclude that || —e < D~ (A) < D~ (A). Since ¢ is
arbitrary, the result follows.
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(b) Suppose that € is a Schauder basic sequence in L?(2). Then by Lemma 2.10,
given £ > 0 there exist functions ¢1, ..., ¢y € L2(2) and A1, ..., Ay C R? such
that & = (Jo_, E(dx, Ag) is a frame for L?(Q), and furthermore, || < DF(A) <
|| + &, where A = U]szl Ayg. Applying Theorem 3.9 to ® and &, we conclude
that D™(A) < DT(A) < || + €. Since ¢ is arbitrary, the result follows.

(c) This follows by combining parts (a) and (b). O

We believe that Theorem 3.14(c) should apply to all Schauder bases of win-
dowed exponentials.

Conjecture 3.15. Let Q be a bounded subset of R4 If £ = U,]c\[:1 E(gr, Ak)
is a Schauder basis for L?(Q), then & possesses the Weak HAP, and D~ (A) =
DT (A) = |Q|, where A = Uiv:1 Ag.

The case for exact systems is less clear, so we close by asking whether analogous
results must hold for exact systems. Namely, if £ = Uszl E(gr, Ag) is an exact
system in L2(£2), must £ possess the Weak or Strong HAP? Is it the case that
D™(A) = D*(A) = |97
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