A WEAK QUALITATIVE UNCERTAINTY PRINCIPLE FOR
COMPACT GROUPS

GITTA KUTYNIOK

ABSTRACT. For locally compact abelian groups it is known that if the
product of the measures of the support of an L!-function f and its
Fourier transform is less than 1 then f = 0 almost everywhere. This is
a weak version of the classical qualitative uncertainty principle. In this
paper we focus on compact groups G and investigate the problem of
when there exists a lower bound for all products of the measures of the
support of an integrable function and its Fourier transform and when
this bound equals 1. These properties are related to the structure of the
group G. Finally, exact values which the product can attain are given
for several types of compact groups.

1. INTRODUCTION

Let GG be a separable unimodular locally compact group of type I equipped
with left Haar measure mg. G will denote the dual space of G, i.e. the set of
all equivalence classes of irreducible _unitary representations. Let pug be the
Plancherel measure on G. For 7 € G the assomated representation space is
H, with dimension d,. The Fourier transform f of a function f € L}(G) is
defined by

(e m) = /G f(@)m(a e, nydme (),

where 7 € G, £,n € H. and (-,-) the inner product on H,. For f € L'(G),
letAf={$€G:f($)750}andBf={7r€@:f(7r)7éO}.

In this paper we will study qualitative uncertainty principles for compact
groups. Generally speaking an uncertainty principle shows that a nonzero
function and its Fourier transform cannot both be sharply localized. There
exists an abundance of special types of uncertainty principles. For an excellent
survey we refer to [5]. We speak of a qualitative uncertainty principle if with-
out giving quantitative estimates it is shown that a function and its Fourier
transform cannot be too localized unless the function equals zero. The first
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qualitative uncertainty principle of the type we want to discuss here was de-
rived in 1973 by Matolcsi and Sziics [11]. It states the following. Given a
locally compact abelian group G, for f € L?(G), we have

mg(Af)ug(Bf) <l = f=0 ae.

This result was proven for L!-functions by Smith [15]. On R” a much stronger
result is true. In 1985 Benedicks [1] proved that for f € L'(R"),

mrn(Af) <oo and prn(By) <oco = f=0 ae.

A formulation of the qualitative uncertainty principle which seems to be the
right setting for a large class of locally compact groups G and which is referred
to as QUP is the following. G is said to satisfy the QUP if, for all f € L'(G),

~

ma(Ay) <mg(G) and pg(By) < pe(G@) = f=0 ae.

Hogan [7] proved that the QUP holds for a non-compact non-discrete locally
compact abelian group with connected component Gy if and only if Gy is
non-compact. An infinite compact group satisfies the QUP if and only if it is
connected (see Hogan [8]). There exists an abundance of generalizations, e.g.
[2, 13, 3, 9, 14].

It seems natural to ask, whether there exists a weaker version of the QUP,
which is less restrictive. For this, we consider the principle stated by Matolcsi
and Sziics [11], which can be formulated for all separable unimodular locally
compact groups G of type I. We say that such a G satisfies the weak QUP if,
for each f € L1(G),

mg(Af)ug(Bf) <l = f=0 ae.

The expectation is that this is satisfied by many more groups than the QUP.
Indeed, each locally compact abelian group satisfies the weak QUP even
though it may not satisfy the QUP (compare [11], [7] and [8]). In this pa-
per we will focus on compact groups and study the weak QUP and related
properties.

The purpose of the second section of this paper is to state some basic
results, which will be needed in the following.

Let G be a compact group. In Section 3 we then characterize exactly the
weak QUP in terms of the group structure of G (Theorem 1). If G does
not satisfy the weak QUP, it is an interesting question whether there still
exists a lower bound for the product of the measures of the support of an
integrable function and its Fourier transform. We give a sufficient condition
for the existence of such a lower bound (Theorem 2). We even obtain an
explicit bound. Moreover, the necessity of this condition is proven under
some hypothesis on the structure of G. We further give a class of compact
groups which satisfy this hypothesis (Proposition 3.1).
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Moreover, it is desirable to know which values can be attained by the
product mg(Af)puc(By), where G is a compact group and f € L'(G). This
would help us to keep the time-frequency localization of the function under
control. This question will be investigated in Section 4. In Subsection 4.1
we study whether the lower bounds for mq(Af)ua(By) obtained in the two
theorems are sharp, whereas in Subsection 4.2 we give possible values which
are attained by this product for several types of compact groups.

2. BASIC RESULTS

Let G be a compact group. We will always normalize mg so that mg(G) =

1. The Plancherel measure pg, which is the unique measure on G such that
for any f € LY(G) N L?(G)

[ i@Pdmta) = [ ulf” @l
G G
is then given by

pa(F) = Z d. for every subset F' C G.
TeF

Here tr[-] denotes the trace of an operator. Let 17, be the identity operator
on a Hilbert space H, and xg the characteristic function of a measurable
subset F of G. If M is a finite set, the number of elements shall be denoted
by |M|. Let Gy denote the connected component of the identity in G. The
annihilator of a closed subgroup H of G in G is defined by

AH,G)={r e G :n(h) =14, forall h e H}.

If H is a closed normal subgroup, A(H, @) can be identified with (7/-? [6,
Corollary 28.10]. For more information on Fourier analysis on compact groups
we refer to Folland [4].

In the sequel we will be often dealing with functions f € L'(G) which are
constant on cosets of some closed normal subgroup. For determining By we
need to know its Fourier transform. The following lemma is folklore, but since
we couldn’t find a reference, a short proof is included for completeness.

Lemma 2.1. Let G be a compact group, let H be a closed normal subgroup
of G and let ¢ : G — G/H denote the quotient map. Further, let f € L'(Q)
be such that there exists some function g € L*(G/H) with f(z) = g(¢(z)).
Then, for m € G and &,m € Hy, we have

N

(FmED) = Xags) MGmEN).
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Proof. Using Weil’s formula, the Schur orthogonality relations and the fact
that unitary representations of compact groups are direct sums of irreducible
ones [4, Theorem 5.2], we obtain

(e = | S0y (e e ().

If # ¢ A(H, ) we have f(r) = 0. Now let 7 € A(H, @) Then we obtain

(F(m)&,m) = (§(m)€, ).
O

The next two lemmas will be used throughout the proof of Theorems 1 and
2.

Lemma 2.2. Let G be a compact Lie group and let f € L*(G), f # 0. Then
there exists a function g on G/Gq, g # 0 such that

mg(Af)uc(By) 2 maa,(Ag)ka/a,(By)-

(B
Proof. Let f € LY(G), f # 0 and let {z; : i = 1,...,[G : Go]} be a
representative system for the Go-cosets in G. e deﬁne g on G/Gy by
= [q, fzih)dmg,(h) and k € L'(G) by k(z) = g(p(z)), where ¢ :

G —) G/Gy is the quotient map. Without loss of generality we can assume
that ug(By) < co. This means precisely that f equals a trigonometric poly-
nomial almost everywhere. Since G is also a Lie group, such an f must be an-
alytic. Let € G and consider f|,q,- This is also an analytic function which
is defined on a connected set. But nonzero analytic functions, defined on a
connected set, cannot vanish on a set of positive measure. This shows that for
each z € G, we have either f|,q, # 0 a.e. or f|zg, = 0. Thus, by definition of
the function k, Ay C Ay and hence mg(Ay) > mg(Ax). The normalization
of the measures mg and mg/ g, implies that mg(A4x) = ma;g,(4y)-

Now we will prove ug(By) > pa/a,(By). Using Weil’s formula, for each

7€ @G and &,m € Hy, we obtain

(e
- /G F@) (e nydma ()
1 [G:Go]
= Tray X [ S@nE0 Gt dme, ()
_[G:GO] -
) S fon fzih)dme, (R)n(s7en) + T € A(Go, B,
= 0.0 {cz:_o}o] N
(&= ol ) S5 ) (o)) . 7 g AGo,G).

i=1



A WEAK QUALITATIVE UNCERTAINTY PRINCIPLE FOR COMPACT GROUPS 5

This shows (f(m)€,n) = (k(r)€,n) for all 7 € A(Go,G) and &,1 € Hy. Ap-
plying Lemma 2.1 yields that, for each 7 € G and &,n € H,

(R(m)E ) = Xa(ay.0)(M{G(T)E ).
Thus, by the structure of the Plancherel measure, we obtain ug(By) >
1G/Go(Bg)- O

Lemma 2.3. Let G be a compact group and let f € L' (G), f # 0. Then there
exist a closed normal subgroup H of G such that G/H is Lie and a function
g € LY(G/H) such that

ma(Ag)ua(By) = ma/u(Ag)ne/u(By).-
Proof. Each compact group is a projective limit of Lie groups (see [6, 28.61
(€)]), i.e. there exists a system £ of closed normal subgroups H of G, £
downwards directed and (.. H = {e}, such that G/H is a compact Lie
group for every H € L. Moreover, G is the corresponding injective limit of

the annihilators A(H,G), H € £. Let f € L}(G), f # 0 with pg(B;) < co.
By the Fourier inversion formula, f can be represented in the following way

flz) = detr[f (mi)mi()]-

Now there exists some H € L such that m; € A(H, @) for all 1 <34 < n.
For h € H, f(zh) = f(x) since m;i(h) = 13,,. Let ¢ : G — G/H be the
canonical quotient map and define g € L'(G/H) by g(¢(x)) = f(z). Then
mg(Ay) = ma a(4y), since mg and mg, g are chosen to be normalized.

To prove ug(By) = pa/u(By), let 7 € G and let &,m € Hy. Lemma 2.1
implies that

FE M) = Xam.a) @GEE ).
Employing now the structure of the Plancherel measure yields ug(By) =
reu(Bg). .

3. THE WEAK QUP AND RELATED PROPERTIES

Let G be a compact group. We first characterize the weak QUP in terms
of the group structure of G. We obtain an equivalent condition for the weak
QUP to hold which is satisfied by a larger set of compact groups than just the
connected ones. This shows that indeed the weak QUP is much less restrictive
than the QUP.

Theorem 1. Let G be a compact group. The following conditions are equiv-
alent.

(i) G satisfies the weak QUP.
(ii) G/Gy is abelian.
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Proof. Let G be a compact group. Towards a contradiction we assume that
G /Gy is non-abelian. Since G/Gy is also totally disconnected, there exists an
open normal subgroup C of G/Gy such that (G/Go)/C is non-abelian. Let
H be the pullback of C to G. Then G/H is finite and non-abelian. We define
f € L'(G) by f = xm. Then, since mg(G) = 1, wehavemq (Ay) = [G : H]™ .
In order to calculate pg(By), let m € G and &,n € Hy. Then, by Lemma 2.1,

A 1
(F(m)&;m) = WXA(H@(W)@,U)-

Let A(H, @) be identified with 5/7{ . Now the definition of the Plancherel
measure implies pg(By) = Zne L dr. Since G/H is non-abelian, there
exists at least one 7 € G/H with dr > 1. Thus Zweg/ﬁ{ dr < Zwe@?i dz.
Since G/H is afinite group, we have [G : H] = 3_ cGTH d2 (see [4, Proposition
5.27]). This shows pg(By) < [G : H], which in turn implies mg(Af)ua(By) <
1. This proves (i) = (ii).

Now suppose (ii) holds. Our purpose is to show that then G satisfies the
weak QUP. This will be achieved by first reducing to compact Lie groups and
then to finite groups. Let G be an arbitrary compact group and let f € L' (G),
f # 0. Lemma 2.3 implies that there exist a closed normal subgroup H such
that G/H is Lie and a function g € L'(G/H) such that

ma(Ag)ua(Br) = ma/u(Ag) e/ n(By).-
Note that G/GoH = (G/H)/(GoH/H) and, since GoH/H is connected and
open in G/H, we have GoH/H = (G/H)q. By hypothesis, G/Gy is abelian.
Thus also (G/H)/(G/H)y is abelian. Hence we can assume that G is a com-
pact Lie group. In this situation, we may apply Lemma 2.2, which shows the
existence of some function g € L'(G/Gy), g # 0 such that

ma(Ap)pa(By) > mayay(Ag) i c,(By)-
Since G/G) is supposed to be abelian, applying [11] yields

MG/Go(Ag) G /Go(Bg) 2 1.
This finishes the proof. O

Let G be some compact group which does not satisfy the weak QUP. The
following theorem studies necessary and sufficient conditions for the existence
of a lower bound for ma(Ay)pa(By) for all f € L'(G), f # 0. For this, we
define H to be the set of all compact open normal subgroups H of G. Recall
that an open subgroup of a locally compact group G always contains Gg.

A locally compact group G is called almost abelian if it contains an abelian
normal subgroup of finite index. Moore [12] proved that for an arbitrary
locally compact group G, the existence of an abelian normal subgroup of

finite index is equivalent to max gz dr < co.
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Theorem 2. Let G be a compact group. Consider the following conditions.

(i) There exists M > 0 such that ma(Af)pua(Bf) > M for oll f €
LYG), f#0.
(ii) G/Gy is almost abelian.

Then (ii) implies (i), and M can be chosen as (max d.)" L.

FEG//EO
Conversely, if

under the assumption that G/Gq is not almost abelian, then (i) implies (ii).

Proof. Let G be a compact group. First suppose that G/G is almost abelian.
Let f € LY(G), f # 0. By Lemma 2.2 and Lemma 2.3, there exist a
closed normal subgroup H of G such that G/H is Lie and a function g on
(G/H)/(G/H)¢ = G/GoH such that

ma(Ap)uc(By) > mayaon(Ag) g com(By)-
Moreover, we have

max dp < max d < oo.
T€G/GoH T€G/Go

For the last inequality see [12, Proposition 2.1].

Now let G be a finite group. By the preceding paragraph and since G/GoH
is finite, it suffices to prove ma(As)pc(By) > (max g d.)~! for each func-
tion f on G, f # 0. For this, let f be some function on G, f # 0. For each
mE @, we may identify H, with C?* and denote its canonical orthonormal
basis by {§; :i =1,...,d;}. Then n(z), where € G, can be represented by
a matrix with respect to this basis, which we will denote by (7;;(x))1<i,j<d, -
First we get

dr
ulf@) f(m] = Y (@&, f(m)é&)
Z—l dﬂ o
=GP > @) f ) malye")
i=1 z,yeqG
1 &=
< G £ @)1 ()i (yz™")
i=1 z,yeG

IN
9~

V]

]
]
=
&
=
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Using the Plancherel formula, this inequality and Holder’s inequality, we
obtain

1) 1713 < ho(By)maxtalf(m)* ()]
2) < o (By)(maxd) ]}
3) < 6 (By)mo(Ap)(maxd)| 1
This shows

mo(Ana(By) 2 ot

Now suppose that G/Gg is not almost abelian. Let H € H. We define
fo € LY(G) by fg = xu. Our choice of Haar measures on compact groups
implies mg(Ayr,) = [G : H|7'. Concerning the Fourier transform of fm,

Lemma 2.1 shows that, for each = € G and ¢, 1N € Hn,
- 1
(fr(m)&,n) = mXA(H’@) (m)(€,m)-

We identify A(H,G) with CT/?I . Then the definition of the Plancherel measure

implies pg(Byy) ZweCT/T{ d,. Hence, using [4, Proposition 5.27], we get

mG(AfH)MG(BfH) =
G:H —— d2
[ reG/H EHEG/H ™
By hypothesis, we have
Ypeam

inf =
P
HeH Zwe & dz
which implies
inf A By, ) =0.
I}Iel,HmG’( fH)/l‘G'( fH) 0
O
The next result gives an explicit class of compact groups for which we have

equivalence of condition (i) and (ii).

Proposition 3.1. Let G be a compact group such that G /Gy is a direct prod-
uct of finite groups. Then the conditions (i) and (ii) of Theorem 2 are equiv-
alent.

Proof. Let G be a compact group such that G/Gy is a direct product of finite
groups. Suppose that G/Gy is not almost abelian. This implies that there
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exist an abelian group A and infinitely many finite non-abelian groups Fj,
j € Nwith G/Gy = A x H‘;‘;l F;. By Theorem 2, it suffices to prove that

inf 7ZWEGT/7{ dﬂ- =
HeH ZweG//TI a2

Let Hp, n € N be those subgroups of G which satisfy H,, /Gy = Ax H;’inﬂ F;,
where we regard the direct product as a subgroup of G/Gy in the canonical
way. Then, for each n € N, we have H,, € H. Moreover, we define G,, by
Gn=G/H, = (G/Go)/(Hn/Go) = [1j-, F}j. For simplicity, we set

o) =1J1"" Y dn
7r€f
for any finite group J.
We claim that
q(Gp,) > 0 asn— oo.
For this, we first note that J = B x C implies ¢(J) = ¢(B)q(C), since J =
BxC. Let k= |J'|, where J' denotes the commutator subgroup of J. Then

q() = I+ D] de
7r€f,d,r22
1 1
7€, dr>2
< Latgtt Y &
-k 2 £ i
€S, dr 22
1 1
< E+§

Let n € N. Since F,41 and Fj,;» are both non-abelian, their commutator
subgroups have order at least 2, so the commutator subgroup of Fj, 11 X Fj42
has order at least 4, whence q(F,41 X Fpq2) < 2 by the preceding calculation.
Therefore we obtain

3
9(Gny2) = (Gn)q(Fni1 X Fpyo) < Zq(Gn)-

This proves the claim.
Finally, we have

Z =77 A
inf —=7€9H "~ inf ¢(G,) = 0.
I}IEI’H ZTI’EG//T{ d72T - 711I61Nq( n)

Theorem 2 and Proposition 3.1 lead to the following conjecture.
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Conjecture. Let G be a compact group. Then the conditions (i) and (ii) of
Theorem 2 are equivalent.

4. VALUES OF mg(Ayf)puc(By)

After determining conditions which guarantee the weak QUP to hold and
which guarantee the existence of a lower bound for mg(As)ug(By), we are
now interested in possible values of this product.

4.1. Lower bounds. Let G be a compact group and let f € L'(G), f # 0.
In this subsection we will study lower bounds for the product mg (Af)puc(By).

First we consider the situation when G/Gj is abelian. By Theorem 1, the
value 1 is a lower bound. It is easy to show that this bound is always sharp.
Let f € L*(G) be defined by f = xg. Then f satisfies

mG(Af)NG(Bf) =1

Obviously, any function fy € L'(G) defined by fg = xg, where H is a
compact open normal subgroup of G, fulfills this equation. It is interesting
to note that provided G is an infinite compact group which does not satisfy
the QUP, for some closed normal subgroup H of G the function fr not only
attains the infimum but even violates the QUP, i.e. mg(Ay) < mg(G) and

~

uc(By) < pe(G). We just have to choose some proper open compact normal
subgroup H of G which is non-trivial. Such a subgroup exists, since the
hypothesis implies that G is not connected (see [8, Theorem 2.6]) and hence
G /Gy is a non-trivial totally disconnected compact group. Now we can apply
[6, Theorem 7.7].

Let us mention that in the situation of locally compact abelian groups, we
can exactly classify all functions f € L?(G) for which mg(Ay)uc(By) attains
the infimum, i.e. mg(Af)ua(By) =1 (see [10, Theorem 2.4]).

Secondly, we examine the situation when G /Gy is almost abelian. Theorem
d,)~! is a lower bound. Again the question arises

2 shows that (maugre G7ce
whether this bound is also sharp. We can easily construct functions satisfying
> cai On
neG/H
ma(Apne(By) = S
> = d
reG/H "

where H is an open compact normal subgroup of G, by setting f = xy. How-

ever, we can show that the bound (max7re a7, d,)~! can never be attained.

Proposition 4.1. Let G be a compact group such that G /Gy is almost abelian,
but not abelian. Then, for each f € L*(G), f # 0 we have

1

ma(Ayf)ua(By) > :
max == dr
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Proof. Let f € L'(G), f # 0. Lemma 2.2 and Lemma 2.3 imply that we can
find some function g on (G/H)/(G/H)o = G/GoH, g # 0 such that

mag(Af)pa(By) > maaoa(Ag) G /aom(By),

where H is a closed normal subgroup of G such that G/H is Lie. Without
loss of generality we can assume that G/GoH is non-abelian. Moreover, we
have
max d; < max d < oo.
WEG/GOH TeG/Go

Now let G be a finite non-abelian group. By the preceding paragraph it
suffices to prove mg(Af)uc(By) > (max, g d,)~" for all functions f on G,
f # 0. Towards a contradiction assume that there exists some function f on

G which satisfies )

ma(Af)pa(By) = m
Throughout the proof, for each 7 € @, we identify H, with C?~ and denote its
standard orthonormal basis by {&; : i = 1,...,d,}. Furthermore, for z € G,
let the matrix of w(z), (m:;(x))1<4,j<d,, be chosen with respect to this basis.
The assumption implies that we must have equality in (1) to (3). This is
fulfilled if and only if there exist ¢,d > 0 such that

(i) 3252y (f ()&, f(m)&) = d for all w € By,
(ii) d= (maxpeGd )mg(Af)2 2
(iii) |mi(yz~ )| =1for all z,y € Ay, m € By and 1 < i < d,,
(iv) |f(2)| = cxa,(z) for all z € G.
In detail, (i) is equivalent to equality in (1), (iv) is equivalent to equality in
(3) and then (ii) and (iii) hold if and only if we have equality in (2). Without
loss of generality we can assume that ¢ = 1.

Let z,y € Ay. Using the Cauchy-Schwarz inequality, it follows from (iii)
that &; is an eigenvector of w(yz ') for all 1 <4 < d,. By choice of the basis
{& :i=1,...,d}, this in turn implies that the matrix (m;; (yz™"))1<i,j<d,
is diagonal. Without loss of generality we can assume that e € Ay, since
otherwise we could choose some zy € Ay and consider the function g := f(zo-).
Then we would have e € Ay, mg(A4,) = mg(Ay) and pg(By) = pa(Bf),
because §(r) = f(m)w(zo), 7 € G. Thus also (735 (y))1<i,j<d, is diagonal. In
addition, this implies 7y (yz 1) = 7 (y)m(z 1) for all 1 < i < d.

By conditions (ii), (iii) and (iv), for all 7 € By, we have

dr
|G|2 Z Z f 7ru yw 1) = Z(f(ﬂ)&,f(ﬂ')fﬁ
i=1 |z, yeG i=1
= (maxd,)ma(4s)* = (maxd Z £ @)|1F @)l (yz ).

peEG z,y€G
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This implies immediately

(4) dr = maxd, forallmé€ By
peG
and
> f@f)m = > If@IF@)llmayz=")].
z,ye€G z,yeG

Thus there exists some constant A, [6, Theorem 12.4] such that

f@)f(y) mia(yz™") = f(2) f(y) mia(y)mia(z™) = An,
for all z,y € Ay, 7 € By and 1 < i < d,. If we choose =y and use (iv), we
obtain A, =1 for all # € By, 1 <14 < d,. This implies the existence of a A
with |A| =1 and

(y)mis(y) =X forally € Af,m € By and 1 < i < d.

et (f(w)z-j)lsi,jgd,r denote the matrix of f(7) with respect to the basis {&:
i=1,...,d;}. Then, for each 7 € By,

ii |G| Z f 7T” /\mg(Af) for all 1 S ) S d,.—.
zeG

Since (745(x))1<i,j<d, is diagonal, f(ﬂ')ij =0 for all m € By, i # j. Next we
will calculate f by employing the inverse Fourier transform. For all z € G,
we get

(5) =Y de Zf m)imii(z) = dma(Ag)( I;leagcd > Zm,

ﬂ'EG =1 7rEsz 1

Here we also used (4). Now let © € Ay and m € By. Since, by assumption,
the function f satisfies mg(A4f)pc(By) = (max__5d,) ! and (iv), we obtain

peG
Z Z’]T” =mg(Af)( maxd Z Zwu =|f(z)|=1
wEBy i=1 nE€By i=1

which in turn implies

Z Z'/Tzz = Hna Bf)

wEBy i=1

However, since ug(By) = |By|(max

if my(x) =1forall 1 <i<d,.
Next we will show that Ay equals a normal subgroup of G. For this, let

xz ¢ Ag. Then, by (5), there exists some 7 € By with n(z) # 13,. On the

»c& dp)s this equality can only be fulfilled
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other hand, we just proved that for all z € Ay, we must have m(z) = 14, for
all 7 € By. Thus

Ay ={z € G:7(x) =1y, for all 7 € By},

which is a normal subgroup of G. Now Lemma 2.1 shows that By = A(Ay,G).
However, this implies that By contains the trivial representation, which con-
tradicts (4), since G is supposed to be non-abelian. O

4.2. Values attained. Let G be a compact group. In this subsection we
study the question of which values the product ma(As)uc(Bys), f € L'(G)
can attain. Notice that the following proofs show how to construct a function
f € LY(G) to obtain a special value.

Proposition 4.2. Let G be a compact group. For each M C {7 € G :
tr[x(z)] # 0 for almost all x € G}, there ezists a function f € L'(G) such
that

ma(Af)ua(Bg) = Y dy.

TEM

Proof. Let M C G be fixed. If |M| = oo, we just have to choose f € L(G)
in such a way that ug(By) = oo, which trivially exists.

It remains to deal with the case when |M| is finite. For this, let f € L*(G)
be defined by its Fourier transform

f: Z a7rX{7r}]-’Hﬂ7

TeM

where a, # 0, 7 € M will be fixed later. Obviously, ug(By) = >, cpr dr-
Applying the inverse Fourier transform yields

flz) = Z andptr[r(z)].

TEM

We have tr[r(z)] # 0 for almost all z € G. Moreover, G is compact and
M is finite. Notice that, if X is a measure space with finite measure and
f,9: X — C such that f,g # 0 almost everywhere, then there always exists
some a € C, a # 0 with f # ag almost everywhere. Thus we may choose
ar # 0, m € M in such a way that f(z) # 0 for almost all z € G. Then f
satisfies mg(Ay) = 1, which finishes the proof. O

If, in addition, G is abelian, the previous proposition reduces to the follow-
ing form.

Corollary 4.3. Let G be a compact abelian group. For eachn € {1,..., |@|},
there exists a function f € L'(G) such that

mg(Af)ua(By) = n.
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Proof. Since G is abelian, d, = 1 for all 7 € G. Moreover, w(z) # 0 for all
z € G, w € G. Hence the claim is an immediate consequence of Proposition
4.2. O

There exist compact groups G for which the product mg(A¢)ua(By), f €
LY(G) can attain no other values than the ones discussed in Proposition 4.2.

Remark 4.4. Let G be a compact connected group. Then G satisfies the QUP
[8, Theorem 2.6]. Hence, for each f € LY(G), f # 0, either mg(A4f) =1 or
pa(By) = oo. Thus the numbers )\ dr, M C G are the only possible
values, which mqg(As)uc(By), f € L'(G) can attain. In addition, for all
7 € G, we have tr[m(z)] # 0 for almost all z € G. This follows by standard
arguments from the fact that G is connected.

Although Proposition 4.2 includes finite groups, we can obtain a stronger
result for finite abelian groups.

Proposition 4.5. Let G be a finite abelian group. For each 1 < p < |G|,
g €{|G|—p+1,...,|G|}, there exists a function f on G such that

Pq
ma(Af)pc(By) = ar
|G|
Proof. By the structure theorem, G is of the form G = Zp,, X ... X Zp,, for
integers my,...,ms greater than 1, each of which is a power of a prime. We

only treat the case G = Z,,. The general case can be proven similarly.
Throughout this proof we identify G with G in the canonical way (compare
[6, Example 23.27 (d)]). Let p€ {1,...,|G|=m}and g€ {m—p+1,...,m}
be fixed. We construct a function f on G' which satisfies mg(Ay) = L and
pa(By) = p. For this, we have to consider the matrix
T:= (62”%)

1<5,k<m

If we set d = e2™im , we can write T in the form

1 1 1 .. 1

1 d d? dam-1
T — 1 d? d* .. g2m-1

i dm—1 g2(m-1) d(m.—1)2

Notice that this is a Vandermonde matrix. Let T ; denote the matrix con-
sisting of the first » rows and s columns of T'. Since m — ¢ < p and hence
the rank of T, is m — g, the subspace V,, , = {a € C? : T),_, ,a = 0} has
dimension > 1.
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Next we define ¢' by ¢ = m —p+ 1. Then m — ¢ = p — 1. Hence the
dimension of V}, o equals 1. Let by € V¢, bo # 0. Towards a contradiction
assume that the ith (1 < i < p) component of by is equal to zero. If the ith
column of Ty, 4 p is deleted, the new matrix is a transpose of a Vandermonde
matrix, hence nonsingular. Then all other components of by have to be equal
to zero. This is a contradiction. Thus all components of by are nonzero. We
define by € C™ by by = (bo,0,...,0)t. Now we claim that the last m —p + 1
components of Ty are all nonzero. For this, let i € {p,...,m} be arbitrarily
chosen. We consider the p x p-matrix consisting of Tj,_, , and the first p
components of the ith row of T as last row. This is again a Vandermonde
matrix, hence nonsingular. Thus the ith component of Thy must not equal
zero. This proves the assertion.

Now let b € V,,; be defined such that the last p — (m — ¢) components of
Tp,pb do not equal zero. Such a vector b always exists, since Tj, ,, is invertible.
Then we choose A € C in such a way that each component of A\by + b is
nonzero and that the last ¢ components of T'a, where a = (ay,...,an,)t € C"
is defined by a := (Abp+b,0, . ..,0)%, are all nonzero. Note that the first m —q
components of T'a all equal 0.

Let us now define f by

m—1
Wlﬂ
fG) = apyr1€77 ™
k=0
An easy calculation shows that
m—1
fG) = ak+1X{x}(J)
k=0
By choice of a, we have mg(Ay) = L and pg(By) = p. O

We finish with a remark which states that we can easily extend Corollary
4.3 to general locally compact abelian groups.

Remark 4.6. Let G be a non-compact non-discrete locally compact abelian
group such that Gy is compact. Let H be a compact open subgroup of G.
Suppose there exist g € L'(H) and r > 0 such that mg(A4,)un(B,) = r.
Then, for each n € N, we can construct some function f € L!(G) such that

ma(Af)uc(By) = nr.

This can be seen easily by choosing x; € G, 4 =1,...,n such that ; H # z;H
for all i # j and defining f € L'(G) by

f@) =) aig(@n)Xe.n(2)-

i=1
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Here the decomposition £ = z;x g shall be unique for all z € U?Zl z;H and
the values a; # 0, ¢ =1,...,n have to be chosen appropriately.
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