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Abstract. This chapter focuses on the approximation theory of deep
ReLU neural networks, analyzing their ability to approximate various
target functions with different network architectures. We begin by in-
troducing the universal approximation theory of deep neural networks,
stating that given enough neurons, neural networks can approximate gen-
eral functions. We then delve into the fundamental properties of ReLU
neural networks and explore the role of width and depth of neural net-
works, highlighting that increasing layers could be more effective than
increasing width in improving approximation accuracy. Next, we discuss
the approximation rates for Sobolev functions using fully connected and
convolutional neural networks. To alleviate the curse of dimensionality,
we further consider Korobov functions. Finally, we focus on the approxi-
mation properties of self-attention and transformers, which have become
increasingly important in modern deep learning. These results shed light
on the expressivity and reliability of deep learning models, providing
valuable insights into networks’ behavior and performance.
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1 Neural networks and their expressivity

1.1 Introduction

In the era of artificial intelligence (AI), deep learning has become a corner-
stone of modern science and technology, playing a pivotal role in image pro-
cessing and natural language processing [89, 44,33, 70,11, 30, 2]. Beyond these
traditional machine learning tasks, deep learning is rapidly evolving and has
achieved significant breakthroughs in various fields, including autonomous driv-
ing [112,55], chatbots and conversational Al [3,53,50], drug discovery [87, 16,
90], and many more.

The origins of deep learning can be traced back decades, with research con-
ducted in classical machine learning. Inspired by the human brain, deep learning
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aims to mimic its functionality [5]. Artificial neurons, developed to model their
biological counterparts, are mutually connected to form neural network models.
As the number of these artificial neurons grows, the complexity of the network
increases, enabling it to process big data. However, on the other hand, neural
network architectures have become increasingly sophisticated, presenting great
challenges, such as safety issues involving robots [99], security concerns in Al
systems [48], and privacy violations related to health data [78]. These problems
underscore the need to improve the reliability of AI technology. From a mathe-
matical point of view, exploring the mathematical foundations of deep learning
is a promising direction for improving our understanding of deep learning and,
hopefully, helping to address the aforementioned problems.

One way to understand the learning ability of neural networks is to consider
their approximation properties. Approximation theory is a fundamental math-
ematical tool for the quantitative analysis of how closely neural networks can
approach a certain target function. By studying approximation errors, we can
gain insight into the complexity and limitations of neural networks.

There are at least three distinct benefits that approximation theory brings to
the field of deep learning. Firstly, approximation theory provides a mathematical
framework for comparing different neural network architectures, such as fully
connected neural networks, convolutional neural networks, and transformers.
Secondly, it enhances our understanding of neural network design, for example,
offering insights into why a deep network instead of a wide network is preferred
in practice. Third, we can explore new architectures by leveraging approximation
theory, which could make the proposed models both effective and efficient.

This chapter is organized as follows. In Sect. 2, we will review the founda-
tional principles of neural networks and describe the most widely used architec-
tures. In Sect. 3, we will study the universal approximation properties of deep
neural networks, focusing on those with a bounded depth or width. Before ana-
lyzing complex target functions, we will present the approximation properties for
some simple yet crucial target functions in Sect. 4, highlighting the significance
of depth over width in neural networks. In Sect. 5, we will focus on the approx-
imation properties for various smooth functions and different architectures.

2 Foundational principles of neural networks

A neural network is composed of two key ingredients: activation functions and its
architecture. The activation function defines how a neuron processes incoming
signals based on a specific predetermined function. The architecture of a neural
network refers to the way neurons are connected, as illustrated in Fig. 1. For ex-
ample, in fully connected neural networks, neurons are arranged in layers, with
the outputs of one layer being fed to the subsequent layer as inputs. This com-
positional structure allows neural networks with many layers to become highly
complex and to be able to learn hierarchical structures that enhance the ability
of neural networks to generalize well to new data.
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Fig. 1. Visualization of a neural network featuring a 4-dimensional input layer, 3 hidden
layers, and a 1-dimensional output layer.

2.1 Activation functions

For decades, sigmoidal functions have been among the most popular activation
functions, with their universality well studied in the literature [22,9, 47, 85]. One
of the most well-known sigmoidal functions is the Sigmoid function, while an-
other commonly used activation function is Tanh, which has a similar shape but
is symmetric around the origin, defined as

1 et —e "

Si id(z) = ———, Tanh(z) = ———.

igmoid(x) s anh(x) prp—

These functions are closely related up to a transformation
Tanh(z) = 2 x Sigmoid(2z) — 1.

However, both Sigmoid and Tanh suffer from the vanishing gradient problem
and lead to a low training speed [13,10, 45,46, 12].

The ReLU activation is one of the simplest and most efficient activation
functions, defined as

ReLU(z) = max(z,0).

Due to its simplicity, it is now widely popular in deep learning. However, the
main drawback of ReLU is that its negative part has a gradient zero, leading
to dead neurons during training. To address these limitations, numerous acti-
vation functions have been proposed, including LeakyReLU [66], Softplus [35],
Exponential Linear Unit (ELU) [25], Scaled Exponential Linear Unit (SELU)
[51], Swish [86], and Mish [74], aiming at enhancing the performance of neural
networks. Notably, these activation functions share a similar shape to ReLU,
demonstrating the significance of ReLU-type activation functions in neural net-
works. Figure 2 illustrates the graphs of Sigmoid, Tanh, and ReL U, while the sur-
vey [34] provides a detailed summary and experimental comparison of the most
popular activation functions across different network architectures and datasets.
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Fig. 2. Visualization of ReLU, Sigmoid, and Tanh.

2.2 Fully connected neural networks

Neural networks are structured through affine transformations. The first network
architecture that we will introduce is the fully connected neural network, which
has connections between all neurons across layers.

Let R represent the set of all real numbers, N represent the set of natural
numbers, and N represent the set of non-zero natural numbers. We use boldface
lowercase letters to denote vectors, such as x := (z1,%2,...,74)' € R% Addi-
tionally, for any N € N, we define [N] := {1,..., N} and [N]o :={0,1,...,N}.
In the following, we will use o : R — R to denote the activation function, which
acts component-wise on vectors, matrices, and tensors.

Definition 1 (Fully connected neural networks). A fully connected neural
network ¢ with L layers is defined iteratively by

oW (z) = o (Wu)x I b<1>) ,

6O (z) = o (W(Z)d,(f*l)(m) I b(é)) :
o(x) = W(L)(/)(L—l)(w) + b,

for some weight matrices W) € RNexNe— and bias vectors b ¢ RN,

In the mathematical analysis of neural networks, we typically focus on the
maximum width W := max{Ny, Na, ..., Np_1} of a network instead of the num-
ber of neurons in each layer. The total number of neurons in a neural network
¢ is denoted as N := Zfz_ll Ny. In approximation theory, the depth L, width
W, and total number of neurons N are the most frequently used quantities to
characterize the approximation ability of neural networks.
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Fig. 3. Visualization of (a) a fully connected neural network and (b) a convolutional
neural network. Both of them have a single hidden layer.

Ezample 1. Let ¢ : R? — R? be a neural network with a depth of L = 3 layers, a
width of at most W = 3 neurons per layer, and a total of N = 5 neurons across
all layers, along with the following weight matrices

w0 o

wh=1w o o
1 1

L 0wy Wy

13

w® o 1

W = 3 3
2(1) W2(2)

and bias vectors b)), b and b(®. The neural network expression is then given
by

o) = Wo (Wo (Whz 1 b0) +53) + 5,

where o denotes the activation function. Figure 4 provides an illustration of
this neural network. When there are no connections between neurons, the cor-
responding entries in weight matrices are set to zero. The specific arrangements
of zero elements determine the structure of fully connected neural networks and
contribute to different properties.

2.3 Convolutional neural networks

Convolutional neural networks are among the most popular and efficient archi-
tectures and can be considered as a specialized version of fully connected neural
networks. Let w = (wy)32_ ., be a convolutional filter mask and assume that it
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Fig. 4. Visualization of the neural network in Example 1.

has support on [K], that is, wy = 0 for any k ¢ [K], where K is the so-called

kernel size. The 1D convolution is computed by (w * x); = ZZ:1 Wi—k+1Tk,
which is associated with a Toeplitz type matrix T% € R(A+HK-1)xd.

fw; 0 0 - .- 0 7
w2 wl O ... DR O
0
WK WK—-1 **° W1
TY = 0 Wrg WgKg—1 """ w1 . (1)
0o - WK WK1 WK
0 - .. wg wg-
L0 - e e 0 wr |

We can see that the Toeplitz matrix is very sparse, with weights shared between
neurons, leading to substantially fewer parameters than the corresponding dense
matrix used in fully connected neural networks. For example, when the convo-
lutional filter mask has support {1,2}, then the corresponding Toeplitz type
matrix is given by

wp 0 0 0 O

wo W1 0 0 O

w . 0 Wo W1 0 0
™= 0 0 wo W1 0 ’

0 0 O wWao W1

0 0 0 0 wy

which depends solely on wy, ws. If we use T instead of a full matrix for a neural
network with only a single hidden layer, then the connectivity (the number of
nonzero elements in the weight matrices) of convolutional neural networks is
decreased to 10, governed by just 2 free parameters, in contrast to 5 x 6 = 30
parameters for a fully connected neural network. For further visualization, please
refer to Fig. 3 (b).
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Definition 2 (Convolutional neural networks (CNNs)). A deep convolu-
tional neural network ¢ is defined iteratively by

oV (z) = o (Tu)m n b<1>) :
¢ (z) = o (T“)(p(f—l)(w) + b“)) , lelL-1],

o) = o (TO§E (@) + b)),

where each T® = T%" is a Toeplize type matriz associated with a filter mask
w® and Y is a bias vector.

In deep learning, the above definition of convolution is commonly referred
to as the convolution with zero padding. Let us denote & as the zero-padded
version of &, where K — 1 zero elements are added on both sides, i.e.,

ISl
=)
=
8
J
=
JCJ
SN~—
A

We also define w as the flipped version of the convolutional filter mask w, i.e.,

w = (wg,Wxg_1,...,w;)T. Then the convolution characterized in (1) can be
represented as

Mw

(w * x) WiTiak—1- (2)

k=1

This formula describes the commonly used notation for convolution with zero
padding and a stride of one in deep learning implementations. In particular, it
will be useful for our later analysis. For a matrix input X € R%*? and a con-
volutional kernel W € RE>X the 2D convolution at position (7, 7) is computed
as

(W*X Z Wm7LXz+7n 1,5+n—1>»

m,n=1

where X is the zero-padded version of X. Zero-padding helps adjust the output
dimensions of convolutional layers, which is frequently used in practical pro-
gramming.

To extend 2D convolutions for processing, for example, color images, which
have three or more channels, we need to consider higher-dimensional tensors.
Given a tensor X € R¥*@%¢n with ¢;, input channels and a collection of kernels
{W,, € RExKXcnyou “the convolution between X and each kernel W, involves
applying a 2D convolution to each channel and summing the results.

Cin

( *X2j*§ § ('mns H—m 1,j+n—1,s-

s=1m,n=1
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The multi-channel convolution W x X : Réxdxcin _y RdxdXcout g then defined
as

(W*X)i,j7C:(WC*X)i,j7 C:L---7couta

where W € REXKXcnxcour pepresents the concatenation of kernels W, along
the output channel dimension, i.e., W.... = W,.

Here and in the following, we use the notation A.; to represent the i-th
column of matrix A and A; . to represent the j-th row of matrix A. For a higher-
dimensional tensor A, we extend the notation: A; ;. denotes the vector slice
corresponding to the first two dimension indices ¢, j. Similarly, A; ; r,. denotes the
vector slice corresponding to the indices (i, j, k) along the first three dimensions
(assuming a four-dimensional tensor). We treat all the aforementioned vectors
as column vectors for convenience.

Based on the above definition and notations, we can rewrite the multi-channel
convolution in a more compact form by

C,
Cin out

(W * X)st: = Z Z c m,n,s z+m1,j+n1,s]

Lm,n=1 s=1 =1

Cin Cout

- § § mnsc z+m 1,j+n— 15]

Lm,n=1 s=1

c=1
[ K . Cout (3>
= Z <(W)m,n,:,ca Xi+m1,j+n1,:>‘|
Lm,n=1 =1

= Z Xerm 1,j4+n—1,: (W)m,n,:,:'

m,n=1

This unveils that multi-channel convolution is equivalent to applying linear trans-
formations channel-wise. All of the aforementioned convolutions utilize a stride
of 1. Similarly, we can extend the formulation presented in, for instance, (2), to
accommodate convolutions with a stride of s by

K
w*x E 'Lls+k7

k=1

with zero-padding adjusted accordingly.

2.4 Self-attention and Transformer

A more powerful network architecture is the attention mechanism, which orig-
inally mimics human behavior by focusing on parts of information rather than
processing the whole [80]. Among the various attention mechanisms, we shall in-
troduce the self-attention mechanism, one of the most important building blocks
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of Transformer and Vision Transformer (ViT), which have achieved great suc-
cess in many applications like natural language processing and computer vision
[105,33]. In self-attention, the core components are the query, key, and value.
The query represents the current element and interacts with the keys to assess
similarity scores. The key acts as a sequence of identifiers that align with the
query to calculate these similarity scores. The value provides contextual data
about the elements and, when combined with similarity scores, produces the
final output.

To define self-attention, let us introduce the matrices W,y € Réinxt, Wiey €
Ren*t W, € RéinXcout  Attention score A € R4X4xdxd ig calculated as

Atk = (X5 Wary , Xy Wey) (4)
and the attention probability P € R4*4xd%d ig ghtained by the normalization
d
Plij).(ak) = xXP(Agi),a.0)/ ; exP(Ai,j),(a,k))s
a,k=1

Attention probability is used to measure the similarity between features at the
locations (i,j) and (q,k). The output of the self attention S.A : RIXdXcn
Rdxdxcout js given by

d

(SAX)i5)" = Y Plij).ak) X e Wea
q,k=1

Multi-head self-attention further generalizes this concept by concatenating
several self-attentions with additional projection matrices W,

Np

(SAmu(X)i ;) Z Z Pliiyai) Xo ks w M w,. (5)

h=1q,k=1

From expressions, we can see that multi-head self-attention (5) combines features
X,k (q,k) € [d]* according to similarities and when Pii j).(a,k) approaches
(,5),(q.k)> multi-head self attentions get close to multi-channel convolutions (3),
and it is the main idea for the discussion on the universality of the self-attention
and Transformer [27]. Figure 5 (a) provides an illustration of the multi-head
self-attention.

To formally define Transformers, we present the following mappings:

Td,c : RCdz — [Rcl><d><c7 Md,c . RdXdXC N [Rcdz7
which satisfy
My, 0 Ty o(RT) = R, Ty, 0 My (RXOXC) = Rixdxe,

In this context, the reshape mapping T . reconfigures a vector of dimension cd?
into a tensor of dimension d x d X ¢, while the flatten mapping Mg . reduces a
tensor of dimension d x d x ¢ into a vector of dimension cd?. Consequently, the
Transformer model can be formulated as follows.
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(b)

Fig. 5. Visualization of (a) a multi-head self-attention and (b) a Transformer.

Definition 3 (Transformers). Let d,L € N, {¢,}l_, C N, and X € R¥*dx<0,
Let
{1,0[ : Rce_1d2 N Rcuﬁ }EL—lv

be a sequence of fully connected neural networks, and

{S‘A(Z) . RdXdXCE—l N RddeCg_1}£=17

mul
be a sequence of multi-head self-attention operations. Then a Transformer model
¢ is defined iteratively by
¢(1) (X) = Td,cl o 1/}(1) o Md,co o SA(I) (X)7

mul

¢(£) (X) = Td,ctz © ¢(£) o Mdﬂiul 0 SA’E’T!;?UJ <¢(2_1)(X)> , L€ [L - 1]a
¢(X) = Td,CL o ¢(L) © Md)CL—l o SAEngl (¢(L_1)(X)> .

Figure 5 (b) provides an illustration of the Transformer. The authors of [105]
originally implemented position-wise feed-forward networks in their Transformer
architecture instead of fully connected layers. It is noteworthy that Definition 3
aligns with [105] if the weight matrices in ¥() take the form of block diagonal
matrices under particular conditions as described in Ty ., and My ,. Moreover,
the first two dimensions of input X as well as the output dimension of multi-head
self-attention can be adapted to a broader context.

2.5 Application of approximation to generalization

In machine learning, our goal is to learn a proper model ¢(x; w) that approxi-
mates an unknown target function f(x) over a dataset {(z;, f(x;)) € R x R},
[62,113]. The model is parameterized by a weight w and for some learning al-
gorithms we usually only consider selecting it in a parameter space O, e.g.,
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O = {w: |w||x < B} for some constant B > 0. Given a loss function Loss(, ),
we estimate w by minimizing the empirical risk:

En w) 5= = Y Lows (d(aisw), f(a)

and we expect that the weight w can be close enough to the minimizer w, given
by

w = argmin &, (w).
weo

Assuming that the data points x; are independently and identically distributed
(i.i.d.) samples from a probability measure u, we want our model to generalize
well to new data. To do so, our aim becomes to minimize the expected loss

€ (w) := Ky, (Loss (¢(z; w), f(x))).
Next, we denote w* as its minimizer, i.e.,

*

w* ;= argmin & (w).
weo

To estimate the performance of our learned model ¢(x;w), we decompose the
expected loss of parameter w into three parts [62,113]

E(w)
=E&(w) — Ep(w) + &y (w) — E (W) + (E(w) — &, (w™)) +E, (w*) — E(w™) + E(w™)

< E(w") +2 sup [E(w) — Ex(w)] + En(w) — Enlih)
~—— weoO —_——

¢9) (111)
(I1)

Here, the first term (I) represents the approximation error, which is the best pos-
sible performance of our model. The second term (IT) accounts for the variance
due to the finite sample size. The last term (III) represents the optimization error,
which is the difference between the empirical risk of our estimated weights and
the minimum possible empirical risk. The first term (I), which constitutes part
of the upper bound, highlights the importance of studying the approximation
properties of deep neural networks [62,113,14]. For a more detailed discussion,
the reader is encouraged to refer to [84].

2.6 Construction properties of neural networks

Estimating approximation error bounds of deep ReLLU neural networks involves
progressing from simple to complex functions. It is similar to constructing a
structure using basic blocks, ultimately achieving a more intricate and diverse
function space. The simplicity and near-linearity of the ReLLU activation function
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enable three efficient operations: composition, summation, and concatenation.
These operations simplify our discussions in the later sections. In the statement
of the following theorem and proof, for simplicity, we abuse the notation (v1, v2)
to represent the vertical concatenation (or stacking) of any two column vectors
vy and w9, which is formally equivalent to (v ,vg )T.

Lemma 1 ([83,41]). Given two ReLU neural networks ¢1 : R% — R4 and
¢ : R¥ — R, Assume that ¢y is characterized by (Li, W1, N1) and ¢y is
characterized by (Lo, Wa, No), where L; is the number of layers, W; is the width,
and N; is the total number of neurons. Then their operations:

(a) composition ¢2 0 ¢1 (when diy = ds),
(b) concatenation (¢1,P2),
(c) summation ¢1 + ¢ (when dy = d3),

can be realized by a single ReLU neural network. More specifically, the resulting
ReL U neural networks are characterized by the following parameters

(a) (L1 + Lo — 1, max{Wy, Wy}, N1 + Na),
(b) (maX{Ll,Lz},Z(Wl+W2),2(N1—|—N2)),
(C) (maX{Ll,Lg},2(Wl +W2)72(N1 +N2))

Proof. (a). Let { (W(e b(Z )1+, denote the weight matrices and bias vectors of
¢;. The composition ¢ o ¢; can be realized by a neural network ¢ defined as
follows:

0O(@) = ¢ (x), (=1,....Ly—1,
¢(L1)($) = (W(l)Wl(Ll)(/)(Ll_l)<(l:) + W2(1)b(1L1) + bél)) 7
6O (@) = ¢y (@), L=Li+1,...,Li+Ly—1
In the second step, we use the result of the composition of gbg and qS(Ll
05 0 0" (@) = o (W10l (@) + (")
= o (WP WM olh D (@) + wiVp() 4 b))
This neural network has Ly + Lo — 1 layers, width max{Wi, W5}, and no more
than N7 + N5 neurons.

(b). For concatenation (¢1, ¢2), assume without loss of generality that L; >
Ly. Let £ € R% and y € R%. Define a neural network ¢ with input dimension

do + dy as follows:
‘ [
wo - (W7 0 e (b
0o wi| b
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ford=1,...,Ls — 1,

Wl(L2) 0 b(lLZ)
w(l2) .— 0 W2(L2) , pL2) .— béLz) ,
0 _W2(L2) _bgLZ)
for £ = Lo,
w00 A
wW:=1 0o ro|l, =0 |,
0 oI 0

for { =Lo+1,...,L; — 1, and for the last layer, we define

W) .— Wl(Ll) 00 pE) .— bng)
' 0 I-I|’ ' 0o |

Here I and 0 denote the identity matrix and zero matrix of appropriate dimen-
sions. Since W is a block diagonal matrix for £ = 1,..., Ly — 1, it is obvious
that we have ¢p() = (¢§£), ée)). When ¢ = Lg, we split ¢ into positive and
negative parts and get

" (@)
o) (@) = | o (@) |, r=1,...,Ls.

o (—¢§L2)(y>)

Notice that 0 o o(c) = o(c) for any ¢ € R. Hence, for { = Ly +1,...,L; — 1, the

first block of ¢ is equal to qbgé) while the second and third blocks are kept the
same, leading to

®

1 ()

o (x,y) = o(aﬁé“(y)) , 0=Ly+1,...,L — 1.
)

¢
o (~08) ()
In the last layer, using the fact that o(c) — o(—c) = ¢ for any ¢ € R, we obtain
that ¢ = (¢1,p2). According to the definition of weight matrices, width of ¢
is upper-bounded by max{W; + Wy, W7 + 2Ws} < 2(W; + W3) and similarly

number of neurons is bounded by 2(N; + Ns). When x = y, we only need to
revise the first layer with the following parameters

(1) (1)
I 7 )
W2 b2

and finally can get ¢(x) = (¢1(x), pa()).
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(¢). For summation ¢y + ¢, we follow similar steps as in (b) but adjust the
final layer to combine the outputs:

WD = w0 11|, b3 = b{") it Ly > L,

where L = max{Li, Lo}. This network has max{L;, Lo} layers, width 2(W; +
W3), and no more than 2(N; + N3) neurons.

The proof of Lemma 1 highlights two crucial properties of ReLU neural net-
works, 0o = 0 and o(-) —o(—-) = o(-). These properties facilitate the straight-
forward calculation of the structure of the resulting neural networks when ap-
plying these operations. Notably, the depth, width, and number of neurons of
the resulting networks increase linearly. In subsequent sections, we will leverage
this lemma frequently without further mentioning it.

3 Universality of neural networks

The universal approximation property serves as the theoretical foundation of the
expressivity of neural networks, explaining their ability to approximate general
functions within any error tolerance when the number of neurons increases. Un-
derstanding universality is important, as the target mapping in many real-world
problems is highly complex. The richness of neural networks allows researchers
and engineers to design a neural network for various tasks as long as sufficient
neurons are employed.

In this section, we shall introduce the universality of two types of neural net-
works: those with bounded depth and those with bounded width. These results
demonstrate that, provided a neural network is wide enough or deep enough, it
would be able to approximate general functions to arbitrary accuracy.

3.1 Universality of shallow neural networks

We will first consider shallow neural networks, as shown in Fig. 3, which have
only one hidden layer and are a linear combination of several neurons.

Definition 4 (Shallow neural networks). A shallow neural network is a neu-
ral network with only one hidden layer (i.e., L = 2), defined as

N
o(x) = Zﬁia(<wi,az> +b), xeR% (6)

for some w; € R% and b;, B; € R.

One of the remarkable universality results of shallow neural networks was
developed in [54]. The density considered in this subsection is in the topology
of uniform convergence on compact sets. Let C°°(R) be the collection of in-
finitely differentiable functions. The subsequent theorem outlines the condition
for an activation function o € C*°(R) to guarantee the validity of the universal
approximation theorem.
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Theorem 1 ([54]). If 0 € C*®(R) is not a polynomial, then shallow neural
networks are dense in C(R?).

Proof. 1t is easy to see that when o is a polynomial, then the corresponding
shallow neural networks are polynomials with the same degrees, which cannot
be a universal approximator.

When o is not a polynomial, we observe that linear functions can be arbi-
trarily well-approximated by shallow neural networks

oc((w+h)x+b)—o(wz+b) rhso
h

where we use the definition of the derivative. Similarly, we can generalize this
idea to polynomials. That is, any polynomials z*-o(¥) (b)) where o®) denotes the
k-th derivative of o can be well approximated. Since o € C*°, one can always find
a by, such that o(®)(by) # 0 for any k € N. Hence, any polynomial can be arbi-
trarily well approximated by shallow neural networks. Using Stone—Weierstrass
theorem, we conclude that shallow neural networks are dense in C'(R).

To extend the density result from R to R?, we can use the universality of ridge
functions, which is well studied, e.g., in [21, 59, 106], stating that span{g(w - ) :
w € RY g € C(R)} is dense in RY. With the above result that g € C(R) can be
well approximated by shallow neural networks, we conclude the universality of
shallow neural networks in C(R?).

x - o' (wx + b) w20 o a'(b),

Then we wonder whether we can extend the above result to more general
activation functions like ReLU. We can utilize the properties of mollifications
to achieve this goal. Subsequently, we consider activation functions ¢ that are
locally essentially bounded on any compact subset of R, i.e., o € L2 (R). Ad-
ditionally, we require that o is continuous on some interval U; which forms a
finite partition of R (their measures are positive). We denote the set M as the
collection of all activation functions that satisfy the above properties.

Let C§°(£2) be the space of continuous functions that have compact support
in 2 C R. The following theorem shows that the convolution of o and w € C5°(R)

is smooth.
Theorem 2 ([4,24]). Given o € M. Then oxw € C*(R) for any w € C§°(R).

Theorem 2 tells us that we can always refine o through convolutions, and
any continuous activation functions like ReLLU are included. However, there are
still two crucial aspects we need to verify. Firstly, we have to determine whether
the convolution ¢ * w is not a polynomial. Secondly, we need to ensure that
the convolution ¢ % w can be approximated by shallow neural networks. If both
are met, we can then conclude the universality of o-activated shallow neural
networks. Theorem 2 is a classical result in functional analysis, with complete
proofs available in [4, 24].

Lemma 2 ([54]). Let o0 € M. If o xw is a polynomial for all w € C§°(R), then
there exists an m € Ny such that o x w is a polynomial of degree at most m for
all w € C§°(R).
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Proof. Tt is sufficient to prove the claim for any w € C§°([a, b]) for some interval
[a, b]. To see this, consider w € C§°(R) with a general support [c,d]. Then there
exists a decomposition of w = Zle w; such that w; € C§°([e;, d;]) with supports
satisfying [c, d] C U;[¢;, d;] with d; = b+t;, ¢; = a+t; for some t; € R. Thus we
obtain

k k
Zo *xwi(z) = Z/U(ff — y)wi(y)dy
i=1 i=1
k
_ Z/a@c — (y+ t)wily + ta)dy
i=1

k
= Z[a wxw; (- + )] (x — ),

where w; (- + t;) has the support [a,b]. This implies that there exists some uni-

versal constant m such that o * w is a polynomial with degree < m for any

w € C§°(R) if the statement degree(o x w) < m holds for any w € C5°([a, b]).
Now let us show the result for C§°([a, b]). For this, define the metric

w1 — walln
14 Jlwr —walln’

o(wy,ws) := Z 2~ n

n=0

where [|w|ln = Y7 sup,c(qp) [0 (x)]. Then C§°([a,b]) becomes a complete
metric space. Define Vj, = {w € C3°([a,b]) : degree(o * w) < k}. According to
the definition and assumption, Vi has the following properties

(a) Vi is a closed subspace,
(b) Vi, C Vk+1,
(¢) URZoVi = C5°([a, b]).

By Baire’s category theorem, there exists m such that there is an open set
contained in V,,,. Hence V,,, = C§°([a, b]). The proof is completed.

The theory of distribution and convolution indicates that ¢ is a polynomial
under the conditions of Lemma 2 [39,24]. It implies that once o is not a poly-
nomial, then there always exists at least one w € C§°(R) such that o x w is not
a polynomial.

Now, the last result to show the universality is to prove ¢ * w can be well-
approximated by shallow neural networks.

Lemma 3 ([54]). Let 0 € M. If w € C§g°(R), then

o*w € span {o(wx +b) : w,b € R}.
Proof. Assume that the support of w is within [a, b]. Let us define

h—
yi = a+14y;, Ay; = —a, i=0,...,m,
m
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and I; := [y;,y;+1]. Then we can decompose the error between o xw = [ o(z —
y)w(y)dy and a shallow neural network > ", o(z — y;)w(y;)Ay; (which is the
discretization of the integral) into two parts over each interval I;, namely

/ o(x — y)w(y)dy — oz — o)) Ays

I;

<

/ o(z —y)w(y)dy — / oz — yi)w(y)dy‘ +

I; I;

/ o(z —yi)w(y)dy — o(x — yi)w(y:) Ay:

I;

< /I lo(x —y) — o(x —yi)| lw(y)|dy + /1 lo(z = yi)| |lw(y) —w(vi)| dy .

M (In

Let us consider € [—¢, ¢] for some ¢ > 0. Notice that o is locally bounded
and w € C§°(R). Then we can find some C' < oo such that max|y|<p4 [o(x)] < C
and max|,|<p |w(z)| < C. For any € > 0, we choose a large enough m such that
|w(y) — w(y;)| < e. Hence, the quantity (IT) can be upper-bounded by

According to the definition of o, there exist finitely many discontinuous points
of o over the interval [a—c, b+c]. Let us denote U as the collection of some small
enough open intervals with each interval containing one discontinuous point of
o on [a— ¢, b+ c]. The interval U can be chosen to have a measure arbitrarily
small, e.g. |[U| < e/m. Then we have

M < / oo =)~ ole = w0 ety + / (@ — y) — o — )] |w(@)ldy

sNuce

< 2025/m + CAy;e,

where we use the fact that o is uniformly continuous on I; N U¢ (set m large
enough) and the boundedness of ¢ and w. Summing the above bound with respect
toi=1,...m, we have

o *w(x) — ZU(JC — yi)w(yi) Ayi| < 2C(b — a)e +2C% < (e,
i=1
where C’ is independent of z and . The proof is completed

Combining the above result with Lemma 1 and Theorem 2, we derive the
following well-known universality result.

Theorem 3 ([54]). Let 0 € M. Then the family of shallow neural networks is
dense in C(RY) if and only if o is not a polynomial.
3.2 Universality of deep ReLU neural networks with bounded width

We now analyze the constrained-width regime to determine if deep neural net-
works have universal approximation capabilities in L (R?).
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— hi(x;[-2, 1))
= hy(x;[1,2])
— h(x;[-2,2],1)

Fig. 6. Visualization of hi(z;[—2,—1]) (red line), ha(zx;[1,2]) (green line), and
h(z;[—2,2],1) (blue line).

The idea is to utilize the ReLU activation function to approximate simple
functions on cubes.
Intuitively, any characteristic function x4 given by

1, z€a,b],

X(ab) () = {0, r # [a,b],

can be well approximated by hat functions. Let us construct the clipped version
of ReLLU with two neurons, as shown in Fig. 6, which is defined as

b (@310, a+0)) = — (o(—2 + a) — o(—2 +a +))

)
1, z < a,

= ¢ linear, z € [a,a + 4],
0, x>a+0,

and

ho (@3 [b— 6,8]) = = (o(x — b+ 0) — o — b))

)
0, x<b—29,
= ( linear, x € [b—4,b),
1, x > b.

When the linear part is not crucial for analysis, both here and subsequently,
we will exclude its explicit expression. Now we can define the following “hat
function”

h(x;[a,b],0) := 1 = (ha(; [a, a + 6]) + ho(; [b — 6,0]))
1, z€a+6,b—14],
= ( linear, z € (a,a+0)U (b—4,b),
0, x ¢ [a,b].
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In Fig. 6, we show an example of h(x;[—2,2],1) which has support [—2,2]. We
can see that compared with x[_y 1), the difference only appears at the linear part
of h. It is similar when we consider an error analysis between a general x4 5 and
h(x; [a,b],d) and difference only over the interval (a,a+9d)U(b—d, b) matters. We
have Hh(a:; [a,b],0) = X[a,b] HLI(R) — 0 as § — 0. It implies the density of shallow

ReLU neural networks in L (R). In the following theorem, we extend this simple
example to higher dimensions and show the universality of deep ReLU neural
networks with bounded width.

Theorem 4 ([64]). The family of deep ReLU neural networks with a width no
more than O(d) is dense in Li(RY).

Proof. Let us consider the following iteration
Ly =0 (1 = hi(z1; [a1, a1 + 0]) — ha(@y;[b1 — 6,b1])),
Lo := 0 (L1 — hi(x2; [az, ag + 8]) — ha(xa; [ba — §,b2])), (8)
Ly == 0 (Lg—1 — h1(xr; [ar, a + 3]) — ha(2r; [br — 5, bk]))
which aims to approximate XIT2_, [as bl
The function L is equal to h(z1;[a1,b1],0). When 21 € [a1 + J,b1 — ¢, i.e.
Ly = 1, then Lo is equal to h(xo;[ag,bs],d). Since hy and hy are nonnegative,

we have Ly = 0 and hence Ly = 0 for any zy ¢ [a1, b1]. Utilizing these results
we obtain the expression of Lo, which approximates 2D characteristic function

X[al,bl]X[GQ,bg]a
L, (w1,22) € [a1 + 6,01 — 0] X [ag + d,ba — 4],
Ly =40, (w1,2) ¢ [al,bl] X [ag,bg],

linear, otherwise.

We assume that Ly is equal to 1 on Hle[ai + 0,b; — 4] and equal to 0 outside
the square Hle [a;, bs].
Then for k + 1, if

k

(xl, - ,:L'k) S H[al + (5, b; — 5], Trt1 € [ak+1 + 4, bk+1 — (ﬂ,
=1

then we get Ly =1 and hence have

Lit1 = o(h(zpy1; [ak1, k11, 0)) = 1.

If we have
(@1, wk) € [[lain bl @rar ¢ langrs bl
then Ly = 0 and hence

Li+1 = o(=hi(zk41; [ak+1, ap+1 + 9]) — ha(Trt1; [Dr+1 — 9, bg41])) = 0.
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By induction, we prove that Lg is equal to 1 on Hle [a; 4+ d,b; — 0] and equal to
0 outside the square H;izl[ai, b;]. We can similarly show the quantity Lj41 has
the upper bound 1

[Liy1] < |Lip —hy —ho| < |1 —hy —ho| <1,

where in the first step we use the fact that |o(z)| < |z|, z € R and apply (7) to
the last equality.

For each iteration of Ly, the formula can be represented by a shallow neu-
ral network with input Ly_1, hi(xg;[ag, ar + 6]) and ho(zg; [br — 6,bx]). For
hi(zg;ak, ar + 0]), we need two neurons o(—xy + ay) and o(—x + ar + 0).
Hence, we have to keep Ly and z;, i = 1,...,d via o(x;) — o(—x;) from the
input layer to subsequent layers and it is easy to see the depth of this block is
finite and width is no more than O(d).

Now we shall construct a deep neural network to approximate a given g €
Ly (R%). Notice that the family of simple functions is dense in L;(R?). For any
€ > 0, one can always find a sequence of hyperrectangles (2; and constants a; € R,
i=1,...,m, such that [|> /" a;xo, — 9ll 1, gay < € According to (8), we need
m such iterations to produce each xq,. For the summation between xp,, we
only need to add two more neurons o(x) — o(—z) = = to keep it accumulating
until the output layer. Together with the above discussion of the neural network
La(z; £2;) which has the property ||La—xr1,, Iz, (®e) — 0, 6 — 0. This completes
the proof. '

The “hat function” h in this subsection simulates the characteristic functions
on hyperrectangles in a compositional manner (8). We will show later that deep
ReLU neural networks can efficiently interpolate polynomials and approximate
local Taylor expansions.

3.3 Related works

In the 20th century, the universal approximation properties of neural networks
garnered a lot of attention, particularly for those equipped with sigmoidal func-
tions [22,9,47], which satisty lim,_, o o(x) =1 and lim,_,_ o(x) = 0 in gen-
eral. On compact sets, sigmoidal shallow neural networks can approximate any
continuous function to any prescribed error as measured by the supremum norm
[22]. Furthermore, universality results for measurable functions were discussed
in [47]. In [71], multilayer neural networks activated by certain sigmoidal func-
tions were shown to be capable of approximating any continuous function and
achieving the Jackson rate. For characteristic functions and functions possess-
ing smoothness properties, the work [71] also explored related approximation
algorithms. When the target function f has Fourier transform f and satisfies
|wl|2f(w) being integrable, error analysis was given in [9], with the error at a
rate of O(N~1/2) when given N neurons. The survey paper [85] comprehensively
reviewed the related results.
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As research progressed, attention to the approximation theory of neural net-
works shifted to ReLU neural networks. Error bounds of shallow ReLLU neural
networks were investigated in [52]. Given a target function f with ||w||?f(w) €
L1(R%), they achieved an error rate of O(y/Tog NN~1/271/4) However, for ap-
proximating Holder functions with regularity » > 24 d/2, the results in [52] are
not applicable. This limitation was addressed in [69] and the provided bounds
are close to optimal when d is large. Korobov functions were considered in [61],
which belong to an important function space for understanding the curse of
dimensionality, and achieved a rate of O(\/N N—(2d+4)/ (5d)). By constructing
wavelet frame with ReLU networks, in [92], the depth-4 ReLU neural networks
were studied, giving optimal rates of approximation O(N %/ 4) for C? functions
on some manifolds. The discussion on shallow neural networks with ReLU* ac-
tivation functions (ReLU"(x) = (ReLU(x))*) has been provided in [52, 108, 97,
7,72]. These works have extended our understanding of expressivity of neural
networks with different activation functions. The studies [54, 47, 28] focused on
the networks with general activation functions and established the foundation
for widespread applications.

4 Approximation properties of ReLU neural networks

This section details the convergence rates of deep ReLU neural networks for
some basic functions and operations. While deeper or wider neural networks en-
sure the universality of neural networks, it remains unclear which configuration
is superior and how to choose an optimal neural network for real-world applica-
tions. The findings of this study illuminate a fundamental question arising from
observations in practice: why are deep neural networks more important? We
will present some foundational results that demonstrate that increasing depth
could be more efficient than increasing width regarding the expressivity of neural
networks.

4.1 Efficient approximation of polynomials

First, we observe that neural networks can effectively approximate 2 by utiliz-
ing sawtooth functions. Given that ReLU neural networks are piecewise linear
functions, it is natural to employ linear interpolation to derive error bounds.
Intuitively, a more refined approximation—with tighter error bounds—can be
achieved if ReLU neural networks can represent a larger number of ‘pieces’.
Thus, our primary challenge lies in determining how to efficiently increase the
number of these pieces.

We call a function f : R — R t-sawtooth if it is piecewise affine with ¢
piecewise, i.e. there exists a partition {I; : I; are intervals,i € [t]} of R such that
f(z) = a;x + b;, x € I; for some a;,b; € R.

Given a 2™-sawtooth function, it can be easily implemented by a ReLU shal-
low neural network with 2" neurons. In [103], it was found with a compositional
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Fig. 7. Visualization of sawtooth functions R*) (9), k =1,2,3, 4.

structure, a deep ReLU neural network can efficiently produce functions with
more segments. Consider the function h(z) := h(x;[0,1], 3), given by

2z, r €0,
MO =91 — 0y 41 I
(3—2)+1, ze(3,

Obviously, h(x) can be represented by a neural network with three neurons and
itself is a 4-sawtooth function. The k-times composition of h(x) results in a
(2% 4 2)-sawtooth function, which can be realized with only O(k) neurons [103].

Lemma 4 ([109]). Let f(z) = z*. For any € > 0, there exists a ReLU neural
network ¢ with bounded width and at most O(|Ilne|) layers and neurons such
that ||f = &, _ oy <€ and |9l (o)) < 1. Besides, ¢(x) = 0 when x = 0.

Proof. The proof leverages the efficient compositional structure of the sawtooth
function. We shall first show that A*)(z) = ho h o - - - o h has the following form:
[ ———

k
A (z) = 28 (z = ), ve [F, 2], i=0,1,..., 2" -1, (©)
28 (3 —x) +1, e [FH, 2] i=0,1,... 2k -1,
where h(¥) takes the value 1 at points 21;1 and 0 at points %, i=0,1,...,21—

1. In other words, h*) is linear over intervals [21‘21-3‘7 2’2{“], 7 =0,1. Figure 7
provides an illustration of this function.

The basic case for k = 2 is straightforward. For & > 2, assume that the claim

holds for k. Consider x € [22—,2, 21;,21} for k 4+ 1. Notice that we can rewrite h as

h(z) = 2z - X[0,1/2) (%) +2(1 — @) - X(1/2,1)(2)-
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Thus,
AR = ho h® = 20®)xq 4 (h9)) +2(1 = KP4y (B9)
20, v € [55 3 + 7o)
_ 20 -00), o e 34 ot B, (10
O, e [BH B4 k]
21— hW), ze [ZH 4+ A, 22]
where on each interval [2 + Qﬁﬁ, 24 2]:;11], j =0,...,3, h® is linear and

takes value {0,1/2} or {1/2, 1} at endpoints. Direct calculation shows that i(*+1)
is linear and takes values {0,1} at the endpoints of these intervals, proving the
claim by induction.

Define fj, as the piecewise linear interpolation of f on points 2%,2' =0,1,...,2~,
i.e. fr is linear on [, 2] and fi(55) == (3%)%. Note that fi — fr41 is also piece-
wise linear with breakpoints 2%}1,@' =0,1,...,2*" with the value

2 2
Folgrzm) = fora(5m) =0,

and

2i+1 2t +1
Pl ) = fren ()

VL ED - 1 iy
=\ar) T E ok+1 — \ 9k+1
1

= 2(ktD)
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Therefore, (9) implies that 22D (f, — fi1) is equal to A*+1). Summing over
k, we derive

n

Z 272k k) () = Z (fe—1(x) = fr(z))
k=1

k=1
= fo(z) — fu(z)
=z — fu(x),

yielding:
n
folx) =2 — Z 272k (k) ().
k=1

It is then straightforward to show that
|22 — fo(x)] < 272" and |f,(x)| <1, V€ [0,1].

Since h(™) has a compositional structure with intermediate layers producing h*),
k < n, we now only need to add o(x) — o(—=x) to keep their summation to the
last layer. This implies that f, can be realized by a neural network with bounded
width and O(n) layers. By choosing ¢ = 272", we derive n = O(|In¢|) and f,
has at most ¢|Ine| layers and ¢|In e| neurons for some constant ¢ > 0.

Combining the above lemma with Lemma 1, extension to general univariate

polynomials is rather straightforward. Employing zy = 3(z + y)? — 322 — 147,

we are able to further approximate multivariate polynomials efficiently.

Theorem 5 ([109]). Given M > 0 and let f(x,y) = zy, (z,y) € [-M, M].
Then for any € > 0, there exists a ReLU neural network ¢ with bounded width
and at most O(|Ine|)) layers and neurons such that

If =l o (= nm,np2) S &
In addition, ¢ satisfies ¢p(x,y) =0 if zy = 0.

Proof. Firstly, we rewrite f(z,y) as

o= ((52) - Gi) - G)')

Let ¢ be a ReLU neural network from Lemma 4 such that ||¢. — $2|‘Lw([0,1]) <
g/6M?. Define

o(x,y) = 2 <¢s (2};’) 6 (337) — ¢ (;@)) .

Using the triangle inequality, we obtain ||f — ¢||L(x,([7M,M]2) < e. The proof is
completed.
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One can immediately extend Theorem 5 to higher-order products by

wl =T,
g = ¢ (Y1, x2),
V3 = e (2, 23), (11)

Ya = ¢ (Ya-1,74a),
where we take ¢. to be able to approximate x - y within error tolerance € over a

large enough domain [—M, M]?. Notably, we can show ¢y (z1,...,7;) = 0 when
r1 X g X --- X x, = 0 by induction. Then

d
Hﬂﬁi — g1

=1
d—1
H i — Ya—1

i=1

<

+|zq - Ya—1 — e (Ya—1,%4)]

d
H ;i — Yaq
i=1

S |$Cd| +e.

TIteratively, we can prove that the ReLU neural network 14 has O(|Ine|)
layers and O(|Ine|) neurons and is capable of realizing Hle x; within error e.
Similar techniques were employed by [104] for approximating rational functions
with ReLLU neural networks. More specifically, to approximate a rational function
of degree no more than r, we can find a ReLU neural network with no more than
O(|Ine|?) neurons that achieves error tolerance e, which is also very efficient.
Conversely, for some ReLLU neural networks with bounded width and 2k layers,
any rational function with O(2%) terms in both the numerator and denominator
in total have a lower bound 6%1 to approximate the functions given by ReLU
neural networks in terms of L; norm, indicating the power of the compositional
structure in neural networks.

4.2 Approximating locally with ReLU neural networks

The partition of unity is an important tool for establishing approximation results

of deep neural networks [109,60]. Let us set parameters in (7) as a := % — BLN,
o 2 _ 1
b:=% + 3%, 0 = 3. Then
h (%) : = hlasla,b].0)
m 1 1
L v€ % -3 % taml (12)
- : m 2 m 1 m 1 m 2
= (linear, z€(§% - 3% % —3x) V(¥ + 3w %+ 55)
m 2 m 2
0, ¢ [R5 K+
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Summing over all m € [N]y where we recall [N]o = {0,1,..., N}, we obtain the
following equality holds for any z € [0, 1],

To see this, let us consider the interval between % and m“ with break points

N t3n5, 1 = 1,2. Notice that the localization property 1nd1cates that only h( %)
and h( ; m+1) are 1IONZero over [%, mdl] When z is Wlthm the distance S—N of
F or mH, N+ 3N and 7 3N’
the linearity implies the summation equals one. Hence, We conclude the above
equality.

Similarly, we have the following extended partition of unity on higher-dimensional
cubes

Z R () =

me[N]d

where

ham(x) = ﬁh (xi; %) .

i=1

The above partition of unity has several properties, namely:

(@) hmllzoqoe =1,

|-

Using (11), we can construct a neural network that approximates h,, well in
the sense of

Hhm(ml,...,xd)—wd (h (xl;%) ,.. (xd, ))H (o1 <e, (13)

where the neural network has depth O(] In ]) and number of parameters O(] Inel).
Now we can decompose f and consider the approximation on each small patch

Z Pm
NId
>

2=

(b) supp hm © [T, [ — L mi 4

f(z)

hm(z) f (),

m:|z;— 5 <

and for any fixed € [0,1]%, there are at most 2¢ terms in the summation of
(N + 1)? terms that make h,, nonzero, which is efficient.
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4.3 Neural networks and sawtooth functions
The following lemma indicates that depth could be more important than width.

Lemma 5 ([103]). Let f and g be tg-sawtooth and ty-sawtooth, respectively.
Then f 4 g and go f are (ty + ty)-sawtooth and tst,-sawtooth respectively.

Proof. Let {(xf;,xf,41) : © € [ty]} be non-overlap intervals such that on each
interval f is an affine function. Denote z;, j € [t, — 1] be break points of g.
Without loss of generality, we assume that ¢, < t¢. Then there are at most £, —1
intervals, let us say, (xf:,,2;41), J € [ty — 1] such that x; € (zy;,,254,41). It
indicates that f + g is affine linear on both (zy;,,x;) and (x;,27,,41). Hence,
there are at most ¢y 4 t, intervals, with the form of (x4, i11), (zy4,,2;), or
(wj,7,:,+1) such that f + g is affine on them. It completes the claim for f + g.

Then let us consider g o f ((zs,%yi+1)). We assume that f(x) = az + b,
x € (xf,,x5,;41) for some a > 0, b € R. Then f((zf4,x5i41)) = (axs,; +
b,axys ;1 +b). The fact that g is ¢, sawtooth implies that g o f is at most ¢,4-
sawtooth on (axy; + b,axs ;1 + ). Applying the above analysis for any ¢, we
conclude that g o f is tst,-sawtooth.

Lemma 6 ([103]). Every ReLU neural network with depth L and width W is
(2W) L -sawtooth.

Proof. This is a direct consequence of Lemma, 5.

Equation (9) provides an example that there exists a ReLU neural network
with bounded width and L layers such that it is O(2%)-sawtooth. For a deeper
analysis of the number of affine regions that neural networks can generate when
partitioning the input space, please refer to [77,49].

4.4 Lower bounds for approximating C? functions

In the following, we consider the rate of approximating C? functions that provide
a lower bound. In practice, it could be an advantage to increase depth instead
of width.

Theorem 6 ([109]). Let f € C2([0,1]%) be a non-affine function. Consider
a neural network ¢ with depth L and width W. If |f(x) — ¢(x)| < € for any
x € [0,1]¢, the network ¢ satisfies € > c(2W)~2E where the constant ¢ > 0 is
independent of L and W.

Proof. Since f is non-affine, there exists a point @ such that f”(xg) > c¢o > 0 for
some constant cg. Due to the regularity of f, there exists a direction d € R? such
that for any ¢ € [0, 1], we have @ +td € [0,1]¢ and function fi(t) := f(xo +td)
is strictly convex, satisfying

. 1
min >2c>0
t€[0,1]|f1| - 9
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for some constant ¢. Now let us consider a neural network ¢1(t) := ¢(xg + td).

Lemma 6 implies that there exists an interval [a,b] C [0,1] such that ¢; is
affine linear on [a,b] and b —a > (2W)~L. Let g = fi — ¢1. Then we have
l9llz o)) < 0= fllLo (o)) < € and mingep, 4 [g”] > 2c. Hence, g is strongly
convex, and it follows that

owzo(5) 0 (45) (= 25) oo (-5)
o205 0 (45 (=3 e (o 25)

Combining the above inequalities, we obtain

o 2 max{o(a). g0}~ (157) 2 ¢ (b;a)2 S )t

where ¢ = ¢/4.

Notice that the total number of neurons is N = W L. Hence in the case of
L =1, Theorem 6 implies that N =W > /. When a network has bounded
width W = C for some constant C' € N, then we can estimate the number of
layers and neurons by
log(c/e) C'log(c/e)

> ——— = 1 N=CL> ————+ = 1 .

The lower bound on N is O(|loge|) for deep neural networks and O(e~1/?)
for shallow neural networks. It implies that increasing depth could be much
better for approximation. The lower bound also implies that the construction
for approximating 22 in Lemma 4 is optimal.

Other works have also attempted to explain the power of depth in neural
networks. Specifically, in the work [36], it was demonstrated that there exists
a function on R? that is expressible by a depth-3 neural network with width
O(d"/*) but cannot be approximated arbitrarily well by any 2-layer network
with width O(e?) for some ¢ > 0. Additionally, the contributions [83, 109] con-
sidered general target function spaces on investigating the relationships between
the accuracy and layers.

5 Convergence rates of deep neural networks

In this section, we shall explore the approximation properties of deep ReLU
neural networks with various architectures for smooth functions developed in a
series of recent works [109, 115,75,27, 15,41, 98]. Smoothness is crucial for ma-
chine learning tasks, as highlighted in [83]. To illustrate this, consider an image
classification task over a dataset of cats and dogs labeled by 0 or 1. Deep learn-
ing models are designed to estimate the probability distribution across possible
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labels. When presented with an image of a dog, neural networks should indi-
cate a probability of over 0.5 for the label 1. Furthermore, when the images are
perturbed by noise, our model should remain stable and provide similar predic-
tions, demonstrating that the model’s outputs should not fluctuate significantly
within any small region. Consequently, target functions with smoothness are of
paramount importance in the expressivity of neural networks.

First, we introduce the ability of ReLLU neural networks to approximate
Sobolev functions nearly optimally. Subsequently, we extend to the Korobov
space to see how to alleviate the curse of dimensionality. Besides, we consider
the universality of convolutional neural networks and low bounds for sparsely
connected neural networks. Finally, we discuss the universality of self-attention,
which exhibits at least the same expressive power as deep fully connected neural
networks.

5.1 Near optimal error bounds for approximating Sobolev functions

In the following, we denote by L, (2) the standard Lebesgue space equipped with
1z, = Il - ll,(x2) norm [4]. We shall first introduce the Sobolev spaces, which
are important smooth function spaces and are widely studied in approximation
theory.

Definition 5 (Sobolev spaces). Let r € N and p € [1,00]. The Sobolev space
W ((0,1)%) is defined as a subspace of L,((0,1)%)

W, (0, 1)) := {f € Ly((0, 1)) : D™ f € Ly((0,1)%), [mlx <7},
with the following norm for p € [1,00)

1/p

[ fllwy = Z ID™ FIIT, 0.1y ’

Il <
and

|l fllwr := max esssup [D™f],
|‘n|‘1§7’m6(071)d

where D™ f is the corresponding weak derivative.

Under the hypothesis of continuous weight selection assumption, any map-
ping that approximates W/, functions should have at least O(¢~%/") free param-
eters [31]. The following result shows that ReLU neural networks can achieve the
optimal rate up to a logarithmic term.

Theorem 7 ([109]). Let d,r € Ny and f € WZ([0,1]%) with || f|lw- < 1.
For any € > 0, there exits a ReLU neural network ¢ with depth O(|lne|) and
O(e=%"|1ne|) neurons such that ||f — Ao < e
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Proof. Let Py, be the (r — 1)-degree Taylor polynomial of f at @, = m/N =
(m1/N,...,mq/N),

)= 3 T g

llmell<r

where n! = H?Zl n;! and (x — @)™ = H?Zl(xi — (xm):)™. Then there exists a
localized approximation fy of f, defined as

fn(z) = Z hm (@) P ()

me[N]d

-y ¥ 717”];(!‘””)%(@@—%)“.

me[N)E [nll<r

(14)

where h,,, forms the partition of unity of [0, 1], as discussed in Sect. 4.2. Apply-
ing the localization property of h,, and Taylor expansion of f, we obtain that
the approximation error is bounded by

f(@) = In@)| < D hm(®@)|f(2) — Prm()|
me[N]d
<Y f(®@) = Pr(m)]
meA
< 24 max |f(x) = P ()]

m\xl—%|<%
2dqr 1
S AT )
rl N7

where A = {m € [N} : hy,(x) # 0}. Next, we only need to construct a neural
network ¢ that is built with similar terms in fx by approximating products. For
this, denote

o@= 3 Y amntm@),

me[N]g Inll<r

where a,my, p is the coefficient in fy and ¢y, (x) approximates the product between
and within (& —x,,)™ and h,,, (x). Within error tolerance §, we can approximate
the (d+ r — 1)-dimensional product h., (x)(x — @, )™ with a neural network ¢,
with depth at most O(|Ind|) and at most O(]|Ind|) neurons, as shown in (11)
and (13).

Combing (13) and Lemma 4, we obtain the error of using ¢ to approximate
fn as

v@) —o@)| < D> D amnl hm(@) (@ — 2m)™ = dm ()]

me[NJ¢ Inll<r

< 24475.
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Let us now choose

Mloe \ V" €

Then we can conclude that
|f(x) — o(x)] < |f(x) — fn(x)| + [fn () — d(2)| <&,

where ¢ has depth O(|Ing|) and O((N 4 1)%d"|Ing|) = O(e~%"|In¢|) neurons.
The proof is completed.

The core concept of proving Theorem 7 involves utilizing Taylor polynomial
approximation. Analogously, developing averaged Taylor polynomials, one can
generalize approximation results for functions belonging to the W space with
the error measured by sz norm, where 1 < p < co and s € [0,1]. Let us first

introduce the fractional-order spaces W ((0, 1)9).

Definition 6 (Sobolev-Slobodeckij spaces). Let s € (0,1) and p € [1,00].
The Sobolev-Slobodeckij space W3((0,1)) is defined as a subspace of Ly((0,1)%)

Wy ((0,1)%) = {f € Lp((0,1)%) : || fllw; < oo},

equipped with the norm

|f(z) — f(y)] ’ v
T Y
f“ i f p dy " / / e — ap||5T3/P dxdy 7
[ Wy = I ”LP((OJW (0,1 J(0,1)¢ \ ||z y||s+d/p

2

for p € [1,00), and

1 fllws, == max{”fhoc((o,l)d), ess sup M} .

x,yc(0,1)¢ H33*y||§

The Sobolev-Slobodeckij spaces defined in Definition 6 are Banach spaces.
The generalized result with W, norm developed in [41] aligns with Theorem 7
when s = 0 and p = oo, as described below.

Theorem 8 ([41]). Let d,r € Ny withr > 2, p € [1,00|, s € [0,1], let f €
W ((0,1)4) with [ fllwy < 1. For any 0 < e < 1/2, there exits a ReLU neural
network ¢ with depth O(|Ine™/"=2)|) and O(e=¥ (=) | Ine"/("=3)|) neurons such
that || f — ¢||W;((0,1)d) <e.

As highlighted in [41], if we set s = 1 and p = oo, both the target function f
and its weak derivative can be uniformly approximated by ¢ and the correspond-
ing weak gradient, thereby demonstrating the expressive power of deep neural
networks.
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The main idea for proving Theorem 8 is similar to that of Theorem 7. We
need to construct a local polynomial approximator fy which is similar to (14)
to decompose the error into two parts

If = dllws < IIf = fvllwg + 11w = Sllwg - (16)
M (an

The challenge here is how to derive the analysis for W -error. The key technique
to solve this problem relies on the properties of interpolation spaces.

Given two Banach spaces By, By. We call (By, B1) an interpolation couple
if By is continuously embedded in By.

Definition 7 (Interpolation spaces). Let (By, B1) be an interpolation couple.
Let s € (0,1) and p € [1, 00]. The interpolation space B, ,, is defined as a subspace
Of BO

By p = (Bo, B1)sp == {f € Bo : || fll(Bo,B1).., < X},
equipped with the norm

(j(;oot—sl’K(t,f, BO,BI)P%)UP, pell,o0),

sup t_sK(tafaBO7Bl), b = 00,
te(0,00)

||f||(BOyBl)S,p =

where K(t, f, By, B1) is defined as

K(t, f,Bo, B1) == inf (|f—gls, +tlglls), t>0.
geB,

If we define the interpolation space

W (0.7 = (Ly((0.0%), W2 (0.1)D), .
then .
Wy ((0,1)%) = W3 ((0,1)%),

with equivalence of the norms [41, Theorem B.14]. This indicates that the analy-
sis of W can benefit from the properties of interpolation spaces. Particularly, the
analysis of both terms (I) and (II) in (16) can be reduced to the case s € {0,1}.

To see this, we denote £(X,Y) the space of all linear bounded operators from
X to Y equipped with the norm ||T||z(x vy := {[|[T=|ly : [|z][x = 1}. The results
[65, Theorem 1.6] and [65, Proposition 1.4] imply that we only need to consider
the case s € {0,1} for the term (I) in (16) if we can construct a linear operator
Tf := f — fn that satisfies conditions of the following result.

Theorem 9 ([65]). Let (L,((0,1)%), W} ((0,1)%)) be an interpolation couple. If
T € LW, L) N LWS,W,), then T € LIWS,WS) for any s € (0,1) and
p € [1,00] and

1— ;
||TH1:(W,§,W§) < HTH“;VPT,LP)||THZ(W;,W;)-
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For the term (II), instead, we can utilize the following result [65, Corollary
1.7] to relax the condition on s to be s € {0,1}.

Corollary 1 ([65]). Let (Lp((O,l)d),WI}((O,l)d)) be an interpolation couple
and s € (0,1) and p € [1,00]. Then there is a constant ¢ := c(s,p) such that for
any f € Wp((0,1)%), we have

£llwy < el FIL, 1 s

The proof details of Theorem 8 can be found in [41], while additional properties
of interpolation spaces are discussed in [65]. For the main properties of localized
polynomials, please refer to [18, Chapter 4].

5.2 Alleviating the curse of dimensionality with Korobov functions

One significant challenge in considering Sobolev spaces is the curse of dimen-
sionality. As the number of neurons grows rapidly, proportional to e=%/" these
spaces often become impractical for image processing tasks, where images typi-
cally consist of around 100 x 100 pixels, leading to approximately 30,000 input
dimensions when considering color channels. This limitation emphasizes the im-
portance of research aimed at overcoming the curse of dimensionality. To address
this issue, two main remedies have been proposed.

One approach involves considering function spaces that are smaller than
Sobolev spaces but still reasonably large for practical applications. Examples
include Korobov functions [75,61, 58], bandlimited functions [76], and other
function classes [52,83]. Another strategy leverages the manifold assumption,
which helps reduce the intrinsic dimension of inputs. By doing so, the rate of
growth depends primarily on the manifold dimension rather than the high input
dimension [60, 23, 92,91, 79, 20, 114].

In the following, we shall investigate why the Korobov space can help to
alleviate the curse of dimensionality.

Definition 8. Let 2 < p < co. The Korobov space X2([0,1]%) is defined as the
space of L, functions which vanish on the boundry of [0, 1]¢

X2([0,1)%) :={f € Ly([0,1]") : flo,ye = 0, D™ f € Ly([0,1]"), [m]|oc <7},
with the seminorm

[flroo = 1D fllw,  lImlloc <.

From the definition, we can see Korobov spaces require more conditions on
derivatives ||1||cc < 7 compared to |||y < r and hence are subspaces of Sobolev
spaces W, . The benefit of considering the Korobov space is that any Korobov
function can be approximated well by a very few number of piecewise linear
functions.
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Let us consider tensor product functions on each grid point @ ; =1 - A, :=
(ilﬂgl,. .. ,idAgd), 0<; < 2£j, Agj = 27£j, le Nd,

d ZJAg d
hestw) =TT (P )::Hhej,m),
=1 j=1

which can be generated by a mother hat function h(z) := h(z;[-1,1],1), defined
in (7) as

1—lz|, zel-1,1],
0, otherwise,

h(z) = h(z;[-1,1],1) = {

We further consider the function space spanned by these hg; with index
belongs to Ag := {3 € N%, 1 <i; < 2% —1,4; odd}

We = span {hl,i NS A[}

and

V= @D W

llells <n+d—1

The support of hg ; in Wy is mutually disjoint since the support of kg ; is centered
at zp ; with radius controlled by A, and we only take odd ¢. The grid corresponds

to the space V,gl) is the so-called sparse grids [19]. The number of grid points of
V'Y was shown to be O(2"n?~1) in Lemma 3.6 [19]. Define £V e v as

fi = Z Z Vg,ilue i

l€]l1 <n+d—1i€A,
with coefficients

- . 0%
Vi = 27t 1p, S —
- /[0,1]d H ( tois (7 )) dxy - 0]

Jj=1

[19, Lemma 3.13] shows that given f € X2([0,1]%), for any € > 0, we can achieve
Ilf = fT(ll)Hoo < e with O(e=/2|In¢g[?4=1/2) gparse grids. However, by setting
(15), Theorem 7 utilizes full grids (N +1)? = O(e~%") for localized polynomials
to approximate Sobolev functions, which grows much faster than using sparse
grids. The simple expression hg; also helps improve the approximation rates.
These benefits lead to the following improvement for the curse of dimensionality.

Theorem 10 ([75]). Let f € X2([0,1]%) with |f|2,0c < 1. Then there exists a
ReLU neural network ¢ with depth O(|Ine|) and O(e=/?|Ine3d=1/2+1) pney-
rons such that ||f — ¢l (jo,1)4) < €.
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Proof. Naturally and similarly as the proof of Theorem 7, let us define a ReLU

neural network ¢ as
o(x) = Z Z Ue,iill,i(33>7

|8l <n+d—13i€A,
where we construct ilg’i(:li) such that it can e-approximate hg ;, defined as
Be,i(w) = wd <h51”i1 (.7}1)7 ey hzdﬂ;d(‘%’d)) .

Here we use the network 4 defined in (11). The compact support of 13“ is
originated from the property of 14 and hy, ;,, which leads to

@) —s@) < DD [vellhei(®) — hei(@)]

£lls <n-+d—1i€ A,

< > Jeallhe, (@) = e, ()]
ll€lli<n+d—1

<e Z ‘vi,’i4|7

llells <n+d—1

where in the second step, we use the fact that supports of elements in W, are
mutually disjoint. [19, Lemma 3.3] gives an estimation |ve ;| < 274 2I¢l1| f|5 .
Then we can further relax the bound to

Z [e.4,] < Z 2—d=2llelh < 1,

[l€]l1<n+d—1 €]l <n+d—1

Finally, we have
£V () = ()] <e,
Together with the fact that |f(x) — fy(Ll)(:c)| < g, we obtain

I1f = Blloo < If = FPlloo + £ — blloo-

The depth of ¢ is O(|1Ine€]), given by the depth of ¥4 and it contains O(|lne| x
e~ 12|InePd=1/2) = O(e71/2|In |34~ 1)/2+1) neurons.

5.3 Approximation error of convolutional neural networks

As illustrated in Fig. 3, convolutional layers can be regarded as specialized fully
connected neural networks characterized by Toeplitz-type weight matrices (1).
The primary advantage of convolutional neural networks for image processing
lies in their sparsity and efficiency, as they rely solely on the parameters of
convolutional kernels. Despite utilizing fewer parameters, CNNs are not mathe-
matically a proper subset of fully connected neural networks. In fact, as we will
demonstrate, with sufficient layers, CNNs can become equally powerful, capable
of producing dense affine transformations in fully connected networks.
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Theorem 11 ([115]). Let 2 < s < d, m € Ny, and 2 = [-1,1]%. Given a set
of vectors a; € R with ||la;|y = 1 and t; € R, i € [m]o. There exists a ReLU
CNN ¢ with depth L < % + 1 and kernel size s + 1 such that for any
x € (2, some elements of its outputs are equal to o({(a;, ) +t;) and others are
zero.

s> @g | with components of a; reversed.
Theorem 3 [115] implies there exists a sequence of filter masks {w®}Z_ | with
support [s+1] and L < %JA such that w = wF)x. - -xw©) . The definition
of convolution and w implies that T% € R(@+(m+1d=1)xd and its (i +1)d-th row
of T is exactly the transpose of a;. Denote M = max; ) o |w®| and

TO = T“’(ﬂ). Then we have

Proof. Define a sequence w = [a, 0

|T® %« TWa|| o, < MY, Vo e,0>1.

Let us choose b(1) = M1,4, and b = —ME*IT(f)ldiyf1 + Melde, ¢ > 1. Then
the ¢-th layer of CNN ¢ parameterized by T, (), ¢ =1,...,/ is equal to

¢(x) =T 5.« TWg + M1,
Define the last bias vector b%) according to the following rule

_MLil(T(L)]-del)k + tia k= (Z + 1)d7
MY TPy, Y — ME, k£ (i+1)d.

We finally get
L 0'(<G,7;,.’13> +tl)a k= (Z+1)da
o (@) = ‘
0, k# (i +1)d,
which completes the proof.

Theorem 11 indicates that with enough convolutional layers, any inner prod-
uct can be realized. In the following, we apply the convergence rate of shallow
neural networks presented in [52] to demonstrate the universality of CNNs. To
make CNNs functions, we apply a linear combination to elements in the outputs
of CNNs in Definition 2.

Theorem 12 ([115]). Letd € Ny, 2 < s < d and 2 = [-1,1]%. Given f = F|g
with F € H"(R?) and r > 2 + d/2. For any small enough € > 0, there exists a
ReLU CNN ¢ with depth

O(E_Qd/(d+2) | In E|2d/(d+2))

and
0(572d/(d+2) | In 5|2d/(d+2))

kernels with kernel size s 4+ 1 such that ||f — é||lc(o) < €.
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Proof. We apply the results of [52] that there exists a ridge approximation F,
of the form

Fm( )_t0+ agp, T Zﬁz CL(), _tk:)

with By € [=1,1], [lailli = 1,0 <t <1, to = F(0), ap = VF(0) and [v] <
20p2 = 2 [ga |w||}|F(w)|dw such that

|F' = Fullcw) < cvpaVd+Inm m~ /214,

Together with Theorem 11, we can find a convolutional neural network that
realizes F,, i.e.

If = dllew) < cvpaVd+Inm m=1/271/4,

Let L := (%] +1and w®) = w@*D) = ... = wL) be the delta sequence
which takes the value 1 at only one position and zero otherwise. Then we can

extend ¢ with kernels w®, ¢ > L from L layers to L layers. Since L < M—i—
1< L, we have m < Ls/ d and the upper bound can be controlled by

If = dllew) < ceaVInL L7121/

Choose L = g~24/(d+2)|In ¢|2d/(d+2)_ Finally we obtain || f — ¢[lc(a) < e

In Theorem 11, we focus on single-channel CNNs and establish a depth bound
O(d). We shall see that by using multi-channel CNNs, we can improve the bound
on the convolutional layers to O(lnd), explaining the power of multi-channel
convolutions.

Theorem 13 ([56]). Let L € N, d = 2L, and 2 € [-1,1]¢. Given a set of
vectors a; € R with ||a;||1 =1 and t; € R, i € [m]o. Then there exists a ReLU
multi-channel CNN ¢ with depth L and kernel size 2 such that for any x € (2,
its i-th channel satisfies ¢(x); = o({a;, ) + ;).

Proof. First, we define a sequence of vectors
12
{’r'g,k €R2 k= 1,...,71[}

such that their linear combination can generate any length-2¢ piece of a;, i.e.
T
a;); (@), sy (@) .
{(( z)leJrl ( z)j2‘5+2 ( z)(]+1)24) }'6[214_@71}0,1'6[7%]0
Then, we split 7441 into two length-2¢ vectors ré _31 k,réi)l .- There exists
w'® = (WD &2

w; = (w; ;" w; ;") such that

1 ‘
ré-&-)lk = Zw(k )rhv

T@+1k = § :w k W,J
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Hence, we can reorganize the column vector To41,k
T T
T (0 o)
{+1,k — {41,k y\ " e+1,k
Ny T
=2 w® (76 9
- J.k 0 r;.
Jj=1

Notice that convolution (1) becomes a diagonal matrix when both kernel size
and stride are equal to 2. Let

(17)

2z 0 0 --- 0
0z o---0
Diagy,(x) := 0 | € RF*2F
... 0 z" o0
00 - - 2T

for any z € R% Then we can write (17) in matrix product
ng
Diagor—e—1(rey1,5) = Z Diagor—r—1 (wf,l)Diagﬂfe(rg’j),
j=1

In particular, when ¢+1 = L, we have Diagyr—+—1 (To41,5)T = (rey1,5, ). We now
can choose rr, , as aj and {wﬁ-ﬁz, 71} as convolutional kernels. Iteratively, we
show that there exists a sequence of multi-channel convolutional operators such
that in the i-th channel, the final output equals {(a;, ). Similar to Theorem 11,

we conclude the result by choosing proper bias b().

The number of neurons in each layer in Theorem 12 is linearly increasing,
which can be easily seen from (1). It was found that by utilizing the down-
sampling operation, neurons in each layer can be reduced [114]. Besides, for
approximating ridge functions, the upper bound of free parameters is O(sfl/ )
where « only depends on the Lipschitz property of the target functions. This
bound is independent of the input dimension, which shows the nice approxima-
tion properties of CNNs. It has also been shown that for various target functions
that have compositional structures, the curse of dimensionality can also be cir-
cumvented [68, 67, 38, 56, 8]. Notably, when approximating radial basis functions,
CNNs were proved theoretically better than shallow neural networks [67]. Be-
yond Theorem 11 for single-channel CNNs, many results also considered the
multichannel CNNs [8, 56, 43,60, 81]. In [60, 81], the analysis considered the re-
lationship between fully connected neural networks and multichannel CNNs with
residual connections and extended the results for approximating functions from
Barron space, Holder space, and Besov space. In addition, [43] considered multi-
channel 2D convolutional neural networks, which are more popular in image
processing and cannot be directly deduced from, for example, Theorem 11. The
idea is also first to realize a kernel decomposition result as Theorem 3 in [115]
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for 2D cases and then explore the corresponding Lo approximation property. In
[56], the realization of the inner products can be extended to higher-dimensional
convolutions, like 3D convolutions, which are also widely used in 3D MRI volume
image segmentation [73].

To understand the superiority of CNNs in applications, convolutional layers
are connected with layered thresholding algorithms for approximating sparse out-
puts of deep sparse coding problems [82]. The special structure of convolutional
operators requires mild sparsity conditions. Other variants were considered in
[1,88,100,101]. Recently, it was shown that the error bound for approximating
deep sparse features is O(e“l) for some ¢ > 0, where L is the depth of the CNN
[57]. This demonstrates the efficiency and expressivity of CNNs.

5.4 Approximation error of sparsely connected neural networks

In the previous subsection, we considered CNNs and noted that convolution
operators have special sparse structures, as given by Equation (1), which make
them efficient in various applications. In this subsection, we will discuss the
results for general sparsely connected neural networks. The connectivity of a
neural network ¢ is defined as the total number of nonzero elements in weight
matrices {W(Z)}ﬁ:l. We denote this connectivity of ¢ as M(¢). Analyzing the
bounds on M(¢) can provide insights into the relationship between the memory
requirements of deep neural networks and their expressivity. The corresponding
approximation results for deep neural networks were developed based on the
min-max rate-distortion framework, as presented in [15]. The central concept in
this framework is the minimax code length, which quantifies the optimal minimal
coding length required to achieve a given error during data compression.

Definition 9. Let d € N, 2 € R, and C C C(2). For each £ € N, we denote by
¢ ={F:C—{0,1}"}, D°:={D:{0,1}" = Ly(2)},

the set of binary encoders and the set of binary decoders of length £, respectively.
Then, for € > 0, the minimaz code length L(e,C) is defined as

L(e,C) := min {é eN:3(E,D) e el x Dt ilgqg”D(E(f)) —fll < 5} )

Moreover, the optimal exponent v*(C) is defined as
+*(C) := sup {7 €R:L(s,C) € O(e V), e > o} .

The optimal exponent v*(C) describes the asymptotic behavior of the minimax
code length L(e,C) as the required error tends to zero. When we have a larger
~v*(C), the growth rate of L(e,C) is smaller and the minimal necessary code
length could be much shorter and result in better memory requirements.

The following theorem describes the lower bound of the connectivity of a
neural network by the optimal exponent.
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Theorem 14 ([15]). Let d € N, 2 C R, ¢ > 0, and C C Lo(R2). If for any
pair (g, f) € (0, %) x C there exists a neural network ¢. ¢ with weights being
representable by no more than [c(Ilne)™'] bits and ||f — ¢e fllL, < €, then we
have
sup M(¢e ) ¢ O(e™Y),e =0, for all v > ~*(C).
fec
As pointed out in [15], the optimal exponent v*(C) has been studied in [26,
32, 40] for Besov spaces and cartoon-like functions. Combining these results with
Theorem 14, lower bounds can be given for approximating these functions.
For the optimal approximation results, the idea is to consider utilizing the
classical approximation results of representation systems.

Definition 10 ([15]). Letd € N, 2 C R%, and D := {g;}ier C La(R) be a rep-
resentation system. Then D is said to be representable by neural networks if there
exist L, M € N such that for all € > 0, there is a sequence of neural networks
{bi.e tier with exactly L layers and connectivity no more than M, satisfying

sup [|gi — dicllz, <e.
il

Based on the above definition, we can transfer the approximation results of
representation systems to the approximation results of deep neural networks.

Theorem 15 ([15]). Let d € N, 2 C R%, and D := {g;}ie1 C La(R). We
assume that D is representable by neural networks. Let f € La(£2) and for M €
N, let far = ZiGIM cigi, Ing C I, #1p = M satisfy

If = farllz, <e,

where € € (0,1/2). Then there exists a neural network ¢ with L (depending only
on D) layers and connectivity O(M) such that

Hf - ¢HL2 < 2e.

This theorem shows that for any f € Lo(£2), the connectivity of neural networks
has at least the same order as the M-term approximation by D. This result can
also be generalized to neural networks with quantized weights [15]. Combining
these results, one of the key contributions in [15] can be concluded: if a func-
tion class is optimally represented by an affine system, then it is also optimally
represented by neural networks. Readers who are interested in this topic are
encouraged to refer to [15].

5.5 Expressivity of self-attention and Transformer

In the paper [27], the relationship between self-attention and convolutional layers
was discussed with the following revised attention score

Aiitan = (X Wary s X[ Wiey) + (X Wary s R Wiey) (18)

J

+ <uT ) X;k,:Wke}’> + <’vT ’ R(;r_i,k— 'ﬁ\/key> ) (19)
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where w € R! and v € RY are unique for heads and R, i ; € R" is the
relatively positional encoding shared by all layers and heads. Matrices Wiy
and ﬁ\/kcy are separately applied to the input vectors and relative positional
encoding. The above attention score differs from (4), aiming at learning the
position difference between key vectors and query vectors [29].

Theorem 16 ([27]). Let d, K, Cin,Cour € N and W € [0, 1]EXExcinxcou - For
any € > 0, there exists a multi-head self-attention layer S A, with N, = K?
heads and a relative positional encoding such that for any X € [0,1]?X4xcn e
have

(S-Amul ,], Z Xz-i-m 1,j4n—1,: Wm RO

m,n=1

<e, V(ij)el[d?

oo

Proof. Let us set
Wy = Wiey = 0, Wiy = I
Then A(i,j),(q,k) = 'UTR(q,i’k,j). Define

N:(q_iuk_j)—r7n€ [K_1]37

v =—a(l, =2, -2m), Ry-in—j = (w3, n1, n2).

Substituting the above vectors in the attention score with relative positional
encoding, we get the following form

Aiiyiany = =l =2Tn) = —a(lw —n) = |nl3).

Denote ' = (¢’ — i,k — 7)T. Then when p = 7, the corresponding attention
probability tends to 1 since

5 e (callu—nli—ml3)
Gtak) = 5= exp (—alllw’ — nl3 — [n]3))
1

S 1+ Z(q’7k/);§(q7k) exp (—a([p’ —nll3))
-1, a— 4oo.

When pu # 1, we have ]5(1-7]-)7(%;6) — 0, @ — +o00o. Notice that p = 1 implies
g =14+ m and k = j + 1. Therefore, the summation over ¢,k in (5) only has
one non-zero term and multi-head self attention becomes

(SAmu (X )i j,:) T Z Xz+n1 42, \Sal) Wi, a— +o00
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Let g be a bijective mapping between head indices [N},] and convolutional kernel
indices [K — 1]2 (here we assume that #[N,] = #[K — 1]3). Now if we set W

such that Wy, 11,41, = W(h)Wh = W\Egl(nhnz))wg(m,nz)v then

val

K-—1
T T
(SAmUI(X)i’j’I) - Z Xier;j+n2,:W771+1x772+17271
n1,m2=0
K
-
= E : Xi-l—’rn—l»j-kn—l,:Wm,n,:m o — +00,

m,n=1
which is a multi-channel convolution.

Combining the above results with existing analysis for CNNs as discussed in
the previous section, we can obtain the universality of self-attention. Since the
Transformer is built by iteratively performing multi-head self-attention and fully
connected layers, similarly, we have that the Transformer is also a universal
approximator. The contribution [6] also considered the universal approximation
property of different variants of Transformers.

5.6 A look into the future of expressivity

In recent years, the field of deep learning approximation has been widely studied
for functions with different properties, such as smooth/piecewise smooth func-
tions [109, 83,42,111, 96,102, 62,107] and continuous functions [110, 93,95, 94].
Yarotsky provided in [109] an in-depth discussion on upper and lower bounds
for the approximation of deep neural networks. Specifically, as introduced in the
previous subsection, a theoretical analysis was developed for Sobolev spaces W,
and achieved nearly optimal approximation rate O(s~%"|Ine¢l) in terms of the
number of neurons within approximation error . Subsequently, this was refined
to O(e~%/") with respect to the L, norm, p € [1,00) in [83] and [42] with respect
to Loo. The contribution [41] provided a general upperbound O(e~%("=%)|In¢|)
with respect to the W norm, s € [0,1]. Beyond considering an error analy-
sis in terms of the number of neurons, other contributions have focused on the
characterization in terms of depth L and width W. For instance, in [111], the
rate O(L~2"/4|1In L|?"/4) was achieved for L-layer neural networks with bounded
width (only depends on the input dimension) and the work [102] instead consid-
ered those networks with finite layers. Furthermore, these results were improved
in [95, 62, 96] and recent work [107] proved the rate O(W~=2"/4[=2"/) for Sobolev
and Besov spaces.

For approximating continuous functions, the modulus of continuity is often
used for error analysis, which is defined as

wy(r) = max{[f[(z) - f(y)| : |& —y[ <7}

Bounded-width neural networks were considered in [110] and they provided an
approximation rate O(ws(O(L™2/4))) for continuous functions. For any L €
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N; and W € Ni, the techniques in [93] helped achieving a better result: a
nearly optimal rate O(w;(W~2/4L=2/4)). Later this was further improved to
O(wy(W=2/4L=2/d| In W|~1/4)) [95].

As we discussed in Sect. 4, the approximation theory of ReLLU neural networks
relies on efficient interpolation, which inspired the work [17] to explore rational
functions as activation functions. They discovered that for an error € > 0, the
number of neurons required in rational neural networks to approximate ReLU is
O(Inln¢). Rational neural networks incorporate 22 term. However, as mentioned
in Sect. 4, the lower bound O(In¢) is achieved for approximating 22 by ReLU
neural networks. These suggest that rational neural networks could offer better
performance. SignReLLU, a ReLU-type activation function, has been proven to
be even stronger than rational activations, with an upper bound O(1) for ap-
proximating both rational functions and ReLLU, implying that it could be a good
choice [58].

Quadratic neurons represent another approach to improving the approxima-
tion results. For example, quadratic neuron defined in [37] is given by

T — 0((wIerbl)(w;erbg)+w:;r(a:®:c)+b3),

where ® denotes Hadamard product. Given that z? is straightforward to im-
plement, parametric efficiency is observed for approximating various functions
[37].

In [113], it was further found that with a class of elementary universal ac-
tivation functions, neural networks are dense in C([0,1]%) with depth O(1) and
width O(d?). This implies that even with finite many neurons, neural networks
could serve as universal approximators. In particular, one interesting finding is
that this result can be applied to certain sigmoidal activation functions.

Nowadays, deep learning is actively employed in solving Partial Differential
Equations (PDEs). One such example is DeepOnet, which is based on the uni-
versal approximation theorem for operators [63]. Let us consider a compact set
V of C(£2) and a nonlinear continuous operator G : V. — C(§2). For any ¢ > 0,
there exist parameters c¥, 0% b, € R, wy, z; € R? such that

R

Gu)(y) =Y Y [ D & jul@)) +0F | o(wy+bi)| <e,

p m
k=1 i=1 j=1

for all u € V,y € (2. This approximation result underscores the potential of
powerful neural networks like DeepOnet as PDE solvers and demonstrates the
remarkable capabilities of neural networks.

Spiking neural networks (SNNs) represent a pioneering computational model
inspired by the behavior of biological neurons in the brain. SNNs are designed
to mimic the neural coding and information processing mechanisms observed
in biological systems. Unlike traditional artificial neural networks (ANNs) that
rely on continuous-valued activations, SNNs utilize discrete spikes or pulses to
transmit information. These spikes can be seen as the neuronal action potentials
emitted at specific time points.
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Definition 11. A spiking neural network ¢ is a simple finite directed graph
(V, E) and consists of a finite set V' of spiking neurons and a set E C'V xV of
synapses. Fach synapse (u,v) € E is associated with a tuple (Wyy, dyy, Euy) where
Wyy > 0 28 a synaptic weight, dy, s a synaptic delay, and €4, : Ry — R is a
response function. Fach non-input neuron v is associated with a firing threshold
0, > 0 and a membrane potential P, : R — R

R,(t) = Z Z w1u)€u,v(t - ti),

(wv)EE ¢feF,

where F,, = {t£ :fel,nl,ne N} denotes the set of firing times of a neuron
u, i.e., times t whenever P,(t) reaches 0, from below.

As shown in [98], SNNs can realize any continuous piecewise linear functions.
Furthermore, it was also shown that a two-layer SNN can realize ReLU on a
compact set and this is not true for a one-layer SNN. For a general deep ReLU
neural network, the following characterization describes the connection between
SNNs and ReLLU neural networks.

Theorem 17 ([98]). Letd, L € N, [a,b]? € R? and ¢preru be an arbitrary ReLU
neural network with L layers, width d and N neurons in total. Then there exists
response functions €,,, (u,v) € E such that there is an SNN ¢sny with 3L — 2
layers and N + (2d 4+ 3)L — (2d — 2) neurons satisfying dsnn(x) = ¢rerv(x),
vz € [a,b]?.

This result indicates that SNNs could be more powerful than deep ReLU
neural networks in terms of the flexibility of the choice of the response function.
It was also proved that SNNs can effectively realize continuous piecewise linear
functions with fewer neurons compared with that of ReLU neural networks [98].
This further demonstrates the expressivity of SNNs.
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